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Abstract

Factorization theory is a prominent field of mathematics; however,
most previous research in this area lies in the commutative case. Noncom-
mutative factorization theory is a relatively new topic of interest. This
paper examines the factorization properties of noncommutative atomic
semigroups of integral matrices. In particular, semigroups with determi-
nant conditions, triangular matrices, rank 1 matrices, and bistochastic
matrices are studied with the operation of multiplication and, in a special
case, addition. The authors find invariants of interest in factorization the-
ory such as the minimum and maximum length of atomic factorizations,
elasticity of the semigroups, and the delta set of the semigroups.
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1 Introduction

Factorization theory has become a popular field in recent years. In particular,
the study of non-unique factorizations has been very well developed and unified
in [8]; the study of non-unique factorization, however, has been studied primarily
in commutative contexts (see references in [8]). Noncommutative factorization
has been studied by Cohn as early as 1963 in [4]. Noncommutative factorization
has been studed in the context of matrices by Jacobson and Wisner in [15] as well
as by Ch’uan and Chuan in [2]. Motivated by these results, this paper applies
the concepts of contemporary factorization theory to semigroups of integral
matrices.

Throughout this paper, let Z represent the set of integers. Let N be the set
of natural numbers, while Ng = NU {0}. In the factorization theory context,
the notation from [1] is used. Let S be a semigroup. If [0] € S, then S*® denotes
{A € S: Aisnot a zero divisor}. When the identity I € S, define A € S to
be a unit if there exists some B € S such that AB = I or BA = I. Define S*
to be the units of S and S* to be the nonunits of S. A, B € S are considered
associates, or A = B, if there exists some unit U € S* such that A = BU.
A € S* is called an atom if A = BC implies that either B or C is a unit. Z(5)
denotes the set of atoms of S. Call S atomic if each A € S* can be written as
the product of atoms.

Let S be an atomic semigroup. For A € S*, define £L(A) to be the set of
lengths of atomic factorizations of A. Formally, £(A) = {t : A = A;--- 4
for some A; € Z(S)}. L(A) = sup L(A) denotes the maximum factorization
length of A, while £(A) = min £L(A) denotes the minimum factorization length
of A. Define p(A) = L) 4o be the elasticity of A. The elasticity of S is

(A)
p(S) = sup p(A).
AeS*

Define £;(A) such that £; € L(A) and £;(A) < Li11(A) for 1 <1 < [L(A)].
Let A(A) = {Li+1(A)—L;(A) : 1 < i < |L(A)|} be the delta set of A. The delta
set of S is defined A(S) = |J A(A). This paper evaluates these invariants for

A *
various matrix semigroups. =

An atomic semigroup S is called factorial if every factorization is unique up to
units; since matrix factorization is noncommutative, consider A = PPy, = P, Py
to be two distinct factorizations of A. Call S half-factorial if L(A) = ¢(A) for
each A € S*. Additionally, call S bifurcus if £(A) = 2 for each A € S*.



Table 1: Notation

Symbol  Definition

P {p € Z : p is prime}

det A the determinant of the matrix A

r(a) number of primes, counting multiplicity, in a € Z; r(0) = co
r(A) r(det A)

w(a) number of distinct primes in a € Z; w(0) = 0o

w(A) w(det A)

ged(a,b)  greatest common divisor of the integers a and b

ged(A) greatest common divisor of the entries of the matrix A
nk(a) greatest integer ¢ such that k* | a € Z

Nk (A) greatest integer ¢ such that k' | det A

[a] matrix with all entries equal to a € Z

Sx {UesS:U1tes}

Z(S) {PeS:P¢S*and P=AB = oneof A,B € S*}

L:(A) {t:EIPth,...PtGI(S)(A:P1P2~-~Pt)}
L(A) sup L(A)

0(A) min £(A)

oA

p(S) Ztégp(fl)

A(A) {Liv1—Li:1<i<|LA)]}

A(S) ALeJSA(A)

se {AeS:VBeS(B#[0] = AB,BA # [0])}



Table 2: B: semigroup is bifurcus (see Corollary 2.7); F: semigroup is factorial
or half-factorial (see Introduction)

Semigroup Atoms ¢ L p A
Integer Entries 3.7 3.7 F F F
Triangular, Z 3.7 3.7 F F F
det A >1 3.7 3.7 F F F
Triangular, det A > 1 3.7 3.7 F F F
k|detA, k= ph 3.11 3.12 3.10 3.14 3.16
k|det A, k#p" 3.11 3.17 310 B B
Composite Determinant 3.19 3.21 3.20 3.22 3.23
2 x 2 Triangular, N 4.1 n/a 4.2 43 4.4
2 x 2 Triangular, Ng 4.8 n/a 413 n/a n/a
Triangular, entries divisible by & 4.16 417 415 B B

2 x 2 Triangular, entries in 3 ideals 4.18 418 421 B B

n X n Unitriangular, N n/a 427 n/a B B

n x n Unitriangular, Ny 4.25 n/a 424 4.26 n/a
2 x 2 Unitriangular 4.29 430 F F F

3 x 3 Unitriangular, N 4.40 4.27 441 B B

3 x 3 Unitriangular, Ny 4.36 4.38 4.35 4.39 4.38
4 x 4 Unitriangular, N 4.42 442 n/a B B
Gauss Matrices, N 4.43 444 444 BJ/F B/F
Gauss Matrices, Ny 4.45 446 F F F

2 x 2 Equal-Diagonal Triangular 4.51 4.56 4.54 4.57 4.61
Rank 1, N 5.2 52 54 B B
Rank 1, mN 5.5 5.5 5.7 B B
Rank 1 generated by a set of vectors 5.13 5.15 5.13 B B
Rows of Zero 5.16 5.16 5.17 B B
Single-Value, n = p* 5.18 5.19 5.19 5.19 5.19
Single-Value, n = st and ged (st) =1 5.18 519 519 B B
Bistochastic (+), N 6.2 63 61 B B
Bistochastic (+), Ny 6.6 6.7 F F F

2 x 2 Bistochastic (x) det A odd, N 6.9 n/a 6.10 n/a n/a



2 General Results

Theorem 2.1. Let S be an atomic semigroup. S is half-factorial if and only if
there exists a ¢ : S — N such that (AB) = ¢p(A) + ¢(B) for all A,B € S and
@(P) =1 for all atoms P € S. If such a ¢ exists, then L(A) = ¢(A) = ¢(A) for
all A e S.

Proof. Suppose that there exists such a ¢. Let PiPy--- P, = Q1Q2 -+ - Q,, for
some atoms P;,@Q; € S. Then m = ¢(PiPy---Py) = ¢(Q1Q2---Qp) = n.
Hence S is half-factorial. Let A = A; A, --- A; for some atoms A; € S. Since S
is half-factorial, L(A) = £(A) =t = p(A1 A - - - Ap) = ¢(A).

Suppose that S is half-factorial. Then L(A) : S — Nand L(AB) = L(A)+ L(B)
for all A,B € S and L(P) =1 for all atoms P € S. O

Theorem 2.2. Let S be an atomic semigroup and let ¢ : S — H where H C Z
such that ¢(AB) = ¢(A)d(B) for all A,B € S. If, whenever ¢(X) = uv for
some u,v € H*, there exist U,V € S* such that ¢(U) = u, ¢(V) = v, and
X = UV, then the factorization properties of S are identical to those of H.
Specifically, L(X) = L(P(X)).

Proof. Suppose that ¢(A) = h. Since ¢ is a homomorphism, A is an atom if
and only if h is an atom.

Suppose that ¢t € £(X). Then X = X;X5---X; for some atoms X; € S, so
H(X) = H(X1)0(X) - B(Xy), 50 ¢ € L(H(X)).

Suppose that t € L(¢(X)). Then ¢(X) = x122---x; for some atoms z; € H,
so by assumption there exist atoms X;Xs5---X; such that ¢(X;) = x; and
X = X1 X5+ X;. Hence t € L(X). O

Theorem 2.3. Let k € N. Let S be an atomic semigroup and let A € S*. If
LX) —k < L(XP) for any atom P | A and any X € S* such that X | A, then
A(A4) C€{1,2,3,...,k}.

Proof. Let t = L(A). Then A = A1Ay--- A; for some atoms A; € S. Let
l; =V0(A1As -+ A;). Notice that ¢; — k < £;41 < ¢; + 1 by assumption, ¢; =1
and ¢; = £(A). If we take the minimum length factorization of A; A5 --- A; and
append A;41 -+ A;, we have a factorization of A with length L; = ¢; +t — 3.
Thus we have a map from {1,2,3,...,t} to {L(A),L(A) —1,...,¢(A)}. Since
bi—k+t—1—-1< €i+1+t7i71 < £i+t7i, L —k < Li+1 < Li,
so there can be no gaps in the factorization lengths greater than k. Hence
A(A) C {1,2,3,... k}. O

Theorem 2.4. Let k € N. Let S be an atomic semigroup and let A € S*. If
L(XP) < L(X) +k for any atom P | A and any X € S* such that X | A, then
A(A) C{1,2,3,...,k—2}.

Proof. Let A be an arbitrary element of S such that A = P, P, --- P, for some
atoms P, € S. Let L; = L(PyP,--- P;). Note that L1 = L(P;) =1 and L; > ¢
for all 2 <7 <t



Case 1: L; > i for some 2 < ¢ < t. Let m be minimal such that L,, > m.
ThenP1P2-~-Pm :QlQQ-“QLm, SOA:P1P2~-~Pt:
@Q1Q2---Qr,, Pyy1--- P. Hence t — m + Ly, € L(A). By the minimality of m,
Ly,_1=m-1,80L,, < Ly,_1+k=m+k—1and thus L,, <m+k—2. Hence
t—m+Lyp, <t—-m+m+k—-2=t+k—2,s0t+1<t—m+0L,, <t+k—2.
Since there is some factorization of A with length between ¢ + 1 and t + k — 2,
the gap between ¢ and the next longer factorization length of A is at most k — 2.

Case 2: L; =i for all 2 < i <t. Then Ly = L(A), so there is no longer
factorization of A.

Since for any factorization length ¢ of A, the next larger length is at most
t+k—2 A(A) C{1,2,3,...,k—2}. O

Theorem 2.5. Let S be an atomic semigroup. If there exists a natural number
k such that £(A) < L(AX) for all A€ S and for all X € S such that L(X) > k,
then p(S) < k.

Proof. Let A € S. Suppose for such a k we have L(A) = kq+r with 0 < r < k.
Write A = RX1Xs---X,, where L(X;) = k and L(A) = L(R) + L(X;1) +
-+ 4 L(X,). Observe that (RX1Xs---X,) > {(RX1 Xy - Xgo1)+1> - >
(R) + q. Hence p(A) < qu:[L(g)z) < quflk = k. Now suppose L(A) = kq. The
proof that p(A) < k is identical.

O

Theorem 2.6. If ((A) < k for all A € S, then p(S) = oo and A(S) C
(1,2,3,... k—1}.

Proof. Let P € S be an atom in S. p(S) > lim p(P") > lim § = oc.

Since £(X)—k+1 <1< {¢(XP)forall X € S and all atoms P € S, by Theorem
2.3 A(S) C{1,2,3,....k—1}. O

Corollary 2.7. If S is bifurcus, then p(S) = oo and A(S) = {1}.

Theorem 2.8. Let R be a subsemiring of Z and let S be a semigroup of matrices
with entries from R such that S has no units. Let a € R be nonzero; for all
A € a8, if a® { ged(A), A is an atom, and if A = a®>B where B € S, then A is
an atom in aS if and only if B is an atom in S. Furthermore, if S is bifurcus,
then aS is bifurcus.

Proof. If A= Ay Ay for Ay, Ay € aS, A= A1 Ay = (aB)(aBs) = a® By By where
Bi1, By € S, so a?| ged(A). Hence if a® { ged(A), A is an atom.

Now let A = a?B where B € S. If B = BB, for some By,By € S, then A =
a’B = (aB1)(aBs), and aBy,aBy € aS. If A = A; A, for some Ay, Ay € aS,
then a?B = A = A1 Ay = (aC1)(aCy) for some C1,Cy € S, so B = 010 is
reducible. Hence A is an atom if and only if B is an atom.

Let A be an arbitrary reducible matrix in aS. Then A = A; A, for some
A1, Az € aS,s0 A= A1 Ay = (aB1)(aBs) for some By, By € S. Since B1By € S
and S is bifurcus, A = a?B1 By = a?P, P, = (aP;)(aP,) for some atoms Py, P, €
S.



Suppose aP; is reducible in aS. Then aP; = XY for some X,Y € aS, so
aP; = aX'Y where X' € S. Hence P; = X'Y where X' € S and Y €aS C S,
—+«—. Thus aP; is an atom.

Hence any matrix in a5 may be factored into two atoms, so a§ is bifurcus.
O

Theorem 2.9. Let S be an atomic matriz semigroup and let ST = {AT :
A € S}. Then the factorization properties of ST are identical to those of S.
Specifically, L(AT) = L(A).

Proof. Let U € S be a unit in S. Since U~ € S, (UT)~! = (UHT € ST, so
UT is a unit in S7. Let A € S be reducible. Then A = BC for some nonunits
B,C €S, AT = CTBT for some nonunits C*, BT € ST.

Suppose that ¢ € L£(A). Then A = AjAs--- A; for some atoms A; € S, so
AT = AT ... AT AT Hence t € L(AT).

Suppose that t € L(AT). Then AT = BB, --- B; for some atoms B; € ST, so
A= BFI'...BIB]. Hence t € L(A). O

Because of this result, when considering triangular matrices it is not im-
portant to draw distinctions between upper triangular matrices and the corre-
sponding lower triangulars; the factorization properties will be identical.

3 Determinant Conditions

The determinant is a crucial property of any matrix. The multiplicatve property
of the determinant (namely, that det AB = det A det B) provides a useful tool
for studying factorization properties of matrices. Matrices with integer entries,
and hence integral determinants, are of wide interest in mathematics [22][13].
Additionally, matrices with conditions on their determinant are also of interest.
For example, factorization of integral matrices with prime determinants has
previously been studied [3]. Other determinant conditions, such as determinant
divisible by a fixed number, arise in mathematics as well [6].

3.1 Factorization of Determinants

Let S denote the semigroup of n X n matrices with integer entries and non-zero
determinant.

Theorem 3.1. A is a unit in S if and only if |det A| = 1.

Proof. If A is a unit, there exists B € Z such that AB = BA = I. Hence
det A-det B = det I = 1. Since A has integral entries, det A must be an integer,
so det A = det B = £1. Let C be the cofactor matrix of A such that ¢;; is
the cofactor of a;;. C has integral entries since the cofactor of an entry in a

matrix with integral entries is always an integer. Then by the cofactor expansion
method of finding inverses, A~!' = —-C7T. And if [det 4| =1, A"' € S. O




Theorem 3.2. If A is an n X n matriz with integer entries and det A = zy,
then there exists matrices X and Y with integer entries such that A = XY,
det X =z, and detY = y.

Proof. Let A =UDYV be the Smith Normal Form of A, where D is diagonal, U
and V are both unimodular. All matrices have integer entries. Since det D =
xy there exists integral diagonal matrices D1, Dy such that D = D;Ds and
det Dy = z and det Dy = y. Thus, A = UD1D;V = (UD1)(D2V). So let
X =UD; and Y = D,V. O

Corollary 3.3. For any semigroup S where A € S if and only if det A € H
where H C 7Z, the factorization properties of S are identical to those of H.

Proof. The result follows from Theorem 3.2 and 2.2. O

This result relates many matrix semigroups to the better-understood integer
semigroups, which have been previously studied in papers such as [11].

Corollary 3.4. If A is an n X n matrix with entries from mZ and #A has
integer entries then det A = m2"xy and there exists X,Y with entries in mZ
such that A = XY and det X = m™x and detY = m™y.

Proof. Let A = m2A. Then A has entries from Z. Thus, by Theorem 3.2, A=
XY where det X = z and detY = y. So A = m2A = m?XY = (mX)(mY).
Let S=mX and T =mY. O

The following theorems show a similar result to Theorem 3.2 for triangular
matrices with integer entries. Let S7 denote the semigroup of n x n upper
triangular integral matrices.

Theorem 3.5. A is a unit in ST if and only if | det A| = 1.

Proof. By Theorem 3.1, if A is a unit, then |det A] = 1. Again, let C be the
cofactor matrix of A such that c;; is the cofactor of a;;. Since A is upper
triangular, C' is lower triangular, and thus C7 is upper triangular. Also, C' has
integral entries since the cofactor of an entry in a matrix with integral entries is
always an integer. Then by the cofactor expansion method of finding inverses,

A7 = T Andif [det A| =1, A1 € ST O

Theorem 3.6. If A is an nxn upper triangular matriz with integer entries and
det A = zy, then there exists upper triangular matrices X and Y with integer
entries such that A= XY, det X =z, and detY = y.

Proof. Let det A = zy = ajas---a, where the a;’s are the diagonal entries
of A. Also, let y = pip2---pm where the p;’s are the not necessarily dis-
tinct primes of y. Let aj be the first diagonal entry such that p; | a. Then

ay a2 ... Qin
0 a2 ce. Q2p T1 u v
A= ) = 0 ar =z |. Where 11,75, u,v, and f
: 0 0 Ty
0 0 an



are all block matrices corresponding to the entries of A, and aj is the first di-

T u v
agonal entry such that p; | ax. Then 0 ap =
0 0 Ty
T1 Ul Yy I U2 0
= 0 g—’f z 0 p1 0 |. Now we must solve for u; and us, so
0 0 Ty 0 0 I
ap a2 ... Qaikg-—1 U2,
0 a2 e Q2k—1 U2,
Tiup + pruy = u. So Thug + prug = . . . ) +
O O N Af—1 u2k71
Ui, Ui
U1, U2
P1 . = . . So consider ug_; = piu1,_, + ap—1uz,_,. Since
Uty Uk—1
ged(ag—1,p1) = 1, we can find wy,_, and ug, ,. Then ugp_o = prus,_, +

Qk—2Ug, , + Qr—2 k—1U2, ,. Since Uz, ,, Ax—2,k—1 and ui_o are all defined and
ged(pr, ag—2) = 1, we can find ug, _, and uy, _, such that ug_o—ag_2 p_1u2,_, =
p1ul,_, + ag—sug, ,. We can continue this back-substitution until we find all
values of u; and us. Now we have A = ABl where det A = Z¥ and det B =p;.
We can do the same process until all factors of y are factored out of the diag-
onal entries of A. Then we have A = X(B1Bs--- B,,) where det B; = p;. Let

Y = [ B..
=1

O

Corollary 3.7. In following semigroups with integer entries and non-zero de-
terminant:

1. n X n matrices with entries from Z

2. n X n triangular matrices with entries from Z

3. n X n matrices with determinant greater than 1

4. n X n triangular matrices with determinant greater than 1
A is an atom if and only if det A € P and L(A) = {(A) = r(A).

Proof. The result follows immediately from Theorem 3.2, Theorem 3.6, and
Theorem 2.1. O

If Ais a2 x 2 matrix with determinant zy, then the factorization A = XY
where det X = x and det Y = y can be easily found in an algorithmic way with-
out using the Smith Normal Form. Before exhibiting this algorithm, however,
we first show how to easily factor a 2 X 2 upper triangular matrix 7', det T' = xy,



a v

such that T = XY and det X = z,detY = y. Let T = ( 0

) where
a'd = xy.

Lemma 3.8. Ify | d/c/, then there exist o,y such that o | d/, v | ¢, ay =y,
and ged (7, %) =1.

Proof. Let g = ged(y, %) If ¢ > 1, we can replace a with ga and v with %.
Hence, without loss of generality, ged (7, %’) =1. O

!/ /
Theorem 3.9. If T = % i,

there exist X, Y such that T = XY, det X = x and detY =y.

where a/,b',c’ € Z and detT = xy, then

Proof. Since y | a’¢/, by Lemma 3.8 let y = oy where a | @’ and v | ¢/ and

’
a
’

a p ,
ged(vy, %) = 1. Factor T' = ( 8 Cj > ( (g b’j ) where b’ = ©by +b;. O
¥

Now that we have shown any upper triangular 2x 2 matrix T with det T' = zy
can be factored T'= XY where det X = x and detY = y, apply the following

algorithm for 2 x 2 matrices, not necessarily triangular. Let A = UCL b >

d

where ad — bc = xy.

1. Let r, s € Z such that ar + cs = ged(a, ¢) = g. Note that since
ged(r, s) ged(a, ¢) | ar + ¢s = ged(a, ¢), ged(r, s) = 1.

2. Pick z,w € Z such that rz + sw = 1.

3. Now let B = _r and note that det B = rz + sw = 1. So now

s
z
BA— r s a b _ ra + sc rb+ sd .
—w oz c d —wa + zc —wb+ zd
4. Let uw = ra + sc,v = —wa + zc and observe that u | v, so let E =

< ; (1) > Note that det £ = 1.

u

5. Now EBA is upper triangular with det(EBA) = zy, so by Theorem 3.9
factor EBA = X'Y’ where det X' =z and det Y’ = y.

6. Now let X = B7'E-1X"and Y =Y’ so A = XY where det X = x and
detY =y.

Similarly, although Theorem 3.12 and Theorem 3.10, together with Theo-
rem 3.2 and Theorem 3.6, show the existence of the minimum and maximum
length factorizations, these theorems do not provide the factorization into ma-
trices. However, when A is a 2 X 2 upper triangular matrix, it is not difficult
to explicitly construct the minimum and maximum length factorizations. The



following factorizations show one direction of the equality, and readers can refer
to Theorem 3.10, Theorem 3.12, and Theorem 3.17 for the other direction of
the equality. First consider when det A = p. Let A = p Oa pg c ) be an
arbitrary element of S where m+n > h, pta, and p1tec.

For the maximum length factorization of A, let m = g1h + 71 and let n =
g2h + r2. Recall that by Theorem 3.10, L(A) = ni(A) = [ 252 ].

Casel:h§r1+T2<2h.FactorA:(p a 2 )
0 p'c

1 0\%?/pa b po0\"
_<0p> ( 0 p”c)(O 1 . Hence L(A) > g1 + g2 +1 =

q1h + q _|_ Lr1+r2J Lq1h+q22+r1+rzj _ Lm+nJ

Case 2: ry + 19 < h. Since ¢ + g2 > 1, one of ¢,q is at least 1.
. . b
Without loss of generality, assume ¢; > 1. Factor A = ( p Oa pie ) =

1 O B oprithg p p" 0 ot
> =

q1h + q L VH—QJ — Lq1h+q2f;b+r1+rzj _ Lm;{nJ

For the minimum length factorization of A, recall that by Theorem 3.12, ¢(A) =
{%J Let m = ¢1(2h — 1) + 7, and let n = ¢2(2h — 1) + 9. Let

((A) =)= L%ﬁkﬂ

Case 1: 71 + 79 = 0. Factor A = ( pa 2 )
0 p
1

C
(10 ' /a b p?=t 0 \"
- 0 p2h— 1 0 p2h—1 c 0 1

72 2h—1 2h—1 a1
z((l) ng_l poa i)(pO (; . Since r; = ro = 0 and

m+mn > h > 0, at least one of g1, g2 must be greater than zero, so at least one

of these factorizations is valid. Hence £(A4) < q1 + q2 = aZh—l) | g22h=1)

2h—1 2h—1
2h—2 | __ m m 2h 2
L2h—1J — L2h-1 + 2h—1 2h 1J = A

Case2:1§r1+rg<h.FactorA(pa b >
0
1

0 n
(1 0 @l g b ph= "
- 0 p2h71 O pr2+2h716 0

1 0 q2 ri+2h—1 b 2h—1 q1—1 .
<0 p2”‘1> (p 0 ’ pre po 1 - Since ry 72 <h

and m + n > h, at least one of ¢1,q2 must be greater than zero, so at least
one of these factorizations is valid. Since 7| 4+ r9 + 2h — 1 > 2h, the central
matrix is reducible by Lemma 3.11. Furthermore, by Theorem 3.10 its maximum
factorization length is L”*”;Qh*lj < L?’h};QJ < 2. Hence these factorizations

are of length g1 + ¢z — 1 +2=q1 + g2 + 1, 50 £(A) < q1 + go + 1 = 2550 4+
2h—1 Py —
BRSP4+ e =

c
1
0

10



Case 3: h <11+ 1y < 2h. Factor A = ¢ psc )

0

10 \*(pa b =10
oh—1 pa o p . Hence ((A) < q1 + g2 +

0 0 1

.

0 p pc
2h— 1 2h—1 -1 2h—1
= ql( Lt q22(h—1 L+ Vlgtf-ﬂ I+ 5=

[t

Case 4: 2h <1y 4+ ro < 3h. Factor A = ( "a e
-1

(1! 0 (e b Sin + 7y > 2h, th
= 0 th_l 0 pT2C O 1 . ce 11 T9 e
central matrix is reducible by Lemma 3.11. Furthermore, by Theorem 3.10

its maximum factorization length is L“*’”?J < 2. Hence this factorization is of

length g1 +q2+2, 50 £(A) < g1 +qo+2 = LED | ©OMD 4 ridracd |y 201

A
Case 5: 3h <ry+1y <4h—4. Sincerg <2h—2,r1+2h—2>r1+19 > 3h,

so 1 > h + 2. Similarly, ro > h + 2. Factor A = ( pOa pﬁc )

1 0 27100 pla b p2h=too " .
<0 p2h1> (O p”)( 0 ¢ 0 1 . Since 11 < 2h —

2 < 2h and 19 < 2h — 2 < 2h, this factorization is of length g; + g2 + 2. Hence

0A) < qu+ g +2= 20 4 LR ¢ | ndngl] 4 et = A

Similarly, now consider when det A = st, ged(s,t) = 1. Recall that by The-
orem 3.17, this semigroup is bifurcus. So, to find a factorization of length
2, let z be maximal such that s?t*|ac. By 3.8, pick a,v such that ala, v|c,
and ay = st*71. Let g = ged(a 77) If g > 1, we can replace « with

o

9 and v with ¢gy. Hence, without loss of generality, ged(c, %) = 1. Fac-

_ a b _ a T sy _ . .
torA_<0 c)_<0 7)(0 $>whereb—ya+x7. Since

gcd(oz,%) = 1, there are infinitely many such x,y € Z. Since ay = st*~!
and ged(s,t) =1, k = st|a7 but k% = 52t2 | ary, so the left matrix is an atom in
S. Since s*t*|ac, k = st|2< 55, but k?* = s> { 5 by the maximality of z, so the
right matrix is an atom in S.

Again, the maximum length factorization can be constructed as well. The
construction into the maximum length is shown by induction.
Let w = ni(A). Suppose w = 1. Then A is an atom by Theorem 3.11, so
L(A) = 1 = w. Now assume that L(A) > ni(A) for all n,(A) < i. Let
w =i+ 1. Since k|ac, by Lemma 3.8 there exist «, such that ala, v|c, ay = k,

andgcd(a,%)zl. FactorA:<g ﬁ)z(% i)(a %)Where

b=ya+as. Sincenk(%):w—lzi,L(A)Zl—i—i:w. i

Now one could look at the factorization of matrices in comparison to the
integers. By the Fundamental Theorem of Arithmetic, factorization of the in-
tegers is unique up to units and order. However, if we look at the semigroup
of all matrices with integer entries, we lose something. All the atoms of this
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semigroup have prime determinant and the units are anything with determinant
1, but any matrix with determinant p are associates of each other. Namely, by
the Smith Normal Form, any matrix A with det A = p there exists unimod-
ular U; and Vi and diagonal D such that A = U;DV;. Also, for any other
matrix B with det B = p, then we can find unimodular U and V, such that
B = UyDVy. Thus D = Uy, 'BV, ', and A = U;U;'BV; 'V so A and B
differ only by multiplication by units. However, since matrix multiplication is
non-commutative, the order of the factorization is important. Now, looking at
the semigroup of upper triangular matrices something interesting happens. The
atoms are any matrix with determinant p and the units of this semigroup are

anything with determinant 1. So if we have a matrix A = ( ‘8 511 ) there

exist no units Uy, Us in the semigroup such that Uy AUy = < (1) bp2 > This

. 1 =z p b 1 vy 1 by
is because ( 0 1 > ( 0 1 > ( 0 1 #* 0 p ) Therefore, we have

atoms of the same determinant that are not associates of each other, but if there
are no factors of the same type B then there cannot be any factors of that type.
Since the diagonal entries of the product of two upper triangular matrices are
the product of the diagonal entries, then the order of the factors is important
but they are all associates of each other.

3.2 Semigroups with Determinant in kZ

By Theorem 3.2 and 3.6, factorization properties of n x n matrices (either non-
triangular or triangular) are the same as factorization properties of the deter-
minant over the integers. Hence, the following results factor the determinant of
the desired matrix and apply Theorem 3.2 and 3.6 to show the existence of ma-
trices with the desired determinant. Consequently, the semigroups mentioned
in Sections 3.2 and 3.3 apply to both semigroups with non-triangular matrices
and semigroups with triangular matrices.

Let S be the semigroup of n x n matrices with entries from Z and nonzero
determinant divisible by some k € N where £ > 1. Note that S has no identity
and no units.

Theorem 3.10. L(A) = ni(A)

Proof. Let A= AjAs---A;. Since k | det A;, k' | det A. Hence L(A) < ng(A).
Let g = nr(A4). By Theorem 3.2 for triangular matrices, there exist upper
triangular matrices A;, As,..., A4 such that A = A1 Ay --- Ay where det A; =k

forall1<i<g—1anddetA; = 2‘_?}_‘?. Hence L(A) > g = ni(A). O

Corollary 3.11. A is an atom if and only if k* § det A.

The remaining factorization properties of S change substantially depending
on the value of k. We will now show that if k is a prime, then S is half-factorial;
if k = st where ged(s,t) = 1, then S is bifurcus; and if k is a power a prime,

12



then S is neither half-factorial or bifurcus. First consider when k is a power of
a prime, k = p".

B | mp(A)+2h—2
Theorem 3.12. If k = p", then ((A) = VPQTJ .

Proof. Let A be an arbitrary element of S where det A = p™x,m > h, and p{ x.
Let m = 1,(A) and let A = | 252022 |
Let A = A 1A -+ Ag and let t; = n4,(A). Since det A = det A; det Ag - - - det Aq,

—t—zt <s(2h—1). Ifs<A—1= [%J <melog2h—1) <m-—1,

—. Hence s> A s0l(A)> A
By Theorem 3.2, factorlng det A is equivalent to factoring A. Let m = ¢(2h —

1) +r where 0 <7 < 2h — 1. Then A = {—quh*l)ﬂﬁh*w =q+ H_H%_lJ =

2h—1 2h—1
q+ 1+ {Qh 1J

Case 1: 7 = 0. Factor det A = (p?"~1)9=1(p?"~1z). Since r = 0 and m >
2h,q > 1, so this factorization is valid. Hence {(A) <g=¢+ 1+ {% 1J =\

Case 2: 1 < r < h. Factor det A = (p?/—1)7=1(p"+2h=1g). Since r < h and
m > 2h, again ¢ > 1, so this factorizations is valid. Since r + 2h — 1 > 2h, the
matrix with determinant p” 2"~z is reducible by Corollary 3.11. Furthermore,
by Theorem 3.10 its maximum factorization length is L’“Jﬂéz*lj < L3h,:2j < 2.
Hence these factorizations are of length g — 1+ 2 =¢+ 1,50 £(A) < g+ 1=
q+1+ bh 1J =\

Case 3: h <1 < 2h—1. Factor det A = (p?"~1)9(p"z). Hence £(A) < g+1 =
g+ 14 [ J — 0

Lemma 3.13. [¢] > ¢=0tL,

Proof. Let a=qgb+7 where 0 <r <b—1. [¢] =q= %"

Theorem 3.14. p(S) = 2=L.

Proof. For any A € S, p(A) = (| ™

1 qnp(A )+2h— 2J) < (ﬁp(A))/(ﬂp(A)) _

np(A)
h 2h—1 2h—1
2h=1 1y Lemma 3.13. Thus p(S) < hT This elasticity is achieved by any
element A € S such that det A = (p)?"~1 = (p?»~1)" since then L(A) = 2h—1

and ((A) = h. O
Corollary 3.15. S is half-factorial if and only if k is prime.

Proof. By Theorem 3.14, h = 1 if and only if p(S) = 22=L =1, so L(A) = ((A).
Clearly, S is not factorial because integers commute, so the determinant of a
given matrix A can be factored in multiple ways, and hence the matrices in the
factorization of A can also be rearranged in different ways. O

Corollary 3.16. If h =1, then A(S) = 0. Otherwise, A(S) = {1}.

13



Proof. Let X be an arbitrary element of S and let ¢ = 7,(X). Let P be an
arbitrary atom of S and let u = 1, (P). Since {(X) = L%i’:ﬂ < VHSIE}TQJ =
(X P), by the Theorem 2.3, A(S) C {1}.

If h =1, S is half-factorial by Corollary 3.15 and A(S) = 0. If h > 1, S is not
half-factorial and A(S) # 0, so A(S) = {1}. O

Now consider when k is neither a prime or a power of a prime; that is, k = st
where ged(s,t) = 1.

Theorem 3.17. If k = st where ged(s,t) =1, then S is bifurcus.

Proof. Suppose A € S is reducible. Then, by Corollary 3.11, (st)? | det A. So
det A = (st)™x1x9 where m > 1 and s{xy,t{ 2. Since det A

= (™ txy)(st™ lzy), by Theorem 3.2, there exist matrices B’,C’ € S such
that det B’ = s™ tz,, det ¢! = st™ 1z, and A = B’C’. Note that both B’
and C’ are atoms since their determinant is not divisible by (st)?, so £(A4) =
2. O

3.3 Semigroup of Matrices with Composite Determinant

Let S be the semigroup of n x n matrices with integer entries and composite
determinant. Note that S has no identity and hence no units. Let A € S.
Observe that r(XY) = r(X) +r(Y).

Lemma 3.18. Ifr(A) = x +y, then there exist X,Y € S such that r(X) = z,
r(Y) =y, and XY = A.

Proof. Let det A = p1pa---pra) where p; € P. By Theorem 3.2, there exist
X,Y € S such that det X = pipa--py, detY = pyy1---pray, and XY =
A. O

Theorem 3.19. A is an atom in S if and only if r(A) < 3.

Proof. Suppose A = BC. Since B,C € S, r(B) > 2 and r(C) > 2. Hence
r(A) > 4. Now suppose r(A) > 4. Factor A = B’C’ where r(B’),r(C") > 2. O

Theorem 3.20. L(A) = LT(QA)J.

Proof. Let r(A) = 2q + « where x € {0,1}. Note that ¢ = L@J Suppose
A=A Ay--- A for some atoms A;. Then r(A) =r(Ay) +r(A2) + - +r(4),
so since r(A;) > 2, r4 > 2t. Hence L(A) < g.

Factor A = A1 Ay--- A, where for 1 < i < ¢, r(4;) = 2, and 7(4,y) = 2+ z.
Hence L(A) > q. O

Theorem 3.21. ((A) = [T(:,’:‘)].
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Proof. Let r(A) = 3¢ + x where x € {0,1,2}.

Case 1: © = 0. Factor A = A1 Ay--- A, where r(4;) =3 for 1 < i < gq.
Hence £(A) < q = [%].

Case2: 1 <z <2. Factor A = A1 Ay--- AjA,11 wherer(4;) =3for1 <i<
g, 7(Ag) =1+, and 7(Ag41) = 2. Hence £(A) < g +1=["A ] 41 =2,
Now let A = Ay --- A; for some atoms A;. Since r(4;) < 3, T(A) < 3t. Taking

t = ((A), @ < ((A). And since ((A) € Z,l(A) > V(f)W- 0
Theorem 3.22. p(S) = %

Proof. p(A) = |"§2]/[H2] < "G /5 = §. Whenever 6| 7(4), this clastic-
ity is achieved, so p(S) = 5, ~

Theorem 3.23. A(S) = {1}

Proof. Suppose that A = A;As--- A; for some atoms A; where ¢t > ((A) =
V(A)] sot > V(A)] + 1. Let x denote the number of A; such that r(A;) = 2.

¢

Then r(A) = Y r(4;) = 20+ 3(t — ) = 3t — . Hence t > [© (A)l +1 =
=1

3521+ 1 =t+1+[-%],s0 =1 > [~%£]. Thus z > 3. Since we have at

least three A; such that r(A4;) = 2, we can recombine these three into two B;

such that r(Bj) = 3. Hence A = B1B5--- B;_1 for some atoms B;. Therefore

A(S) = {1} 0

4 Triangular Matrices

Upper triangular matrices are very useful because of their determinant proper-
ties. Also, since it is very easy to put any integral matrix into upper triangular
form using the Hermite Normal Form, it is useful to study these matrices. Such
things as the Post correspondence problem refer the the factors of 3 x 3 upper
triangular matrices [17]. At first the problem was proven using matrices with
determinant equal to 1. Later, the problem was generalized to any nonsigular
upper triangular matrix [12]. These problems, which rely heavily on upper tri-
angular matrices, show the importance of studying factorization properties of
such a class of matrices.

4.1 2 x 2 Triangular Matrices, N

Let S be the semigroup of 2 x 2 upper triangular matrices with positive integer

a b

entries and non-zero determinant. Let A = ( 0 ¢ ) € S. Note that S has no

identity and hence no units.

Theorem 4.1. A = ( 8

i ) is an atom if and only if b= 1.
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Proof. Ifb>1,factorAasA:<(1) 7:)(8 ?)sothatm—!—n:b. If Ais
reducible, then A = a b (2 ton where a = st, ¢ = uwv
0 c 0 u 0 v ’ ’

and b = sn + mwv. Since b is a sum of products of positive integers, b > 1. [
Theorem 4.2. L(A) =b.

Proof. Since each multiplication must increase the value of b, no A € S can
have a factorization of length greater than b. Furthermore, every matrix A has
a factorization of length b, as we can show by induction:

If b=1, then by Lemma 4.1 A is an atom, so L(A) = 1. For b > 1, suppose that

forany M € S, M = mi b—1 has L(M) =b—1. Then A = a b
0 mo9 0 ¢

1 -1 a 1
() (8 s - g

Corollary 4.3. p(S) = 0

h ohtl h
Proof. Observe that A = ( 2t 2 ) = ( 20 1 ) ( L1 ) has ¢(A) =

0o 2" 0 1 0 2"
2 by Theorem 4.1 and L(A) = 2"*1 by Theorem 4.2. So p(A) = 2" and hence
p(S) > hlim 2" = . O

Theorem 4.4. For every p € P,p—1¢€ A(S).

Proof. Let(g pJ{l):AlAg---At for some atoms A; € S. Then

m t—m—1
p p+1 . 11 p 1 1 1 B
(O 1 >_(O 1) (O 1)(0 1) where m <t —1, so
t—m-—12>0.

Casel:_t—m—lz(). Then m =t —1, so A1 Ay --- Ay
1 1\ p 1 p t
:(0 1) (O 1)—( )Hencet—p—i—l
Case 2: t—m —12>1. Then (g p+1):A1A2'~~At
B 1 1 m 1 t—m—1
“\0 1 1
(1) i) (15 p( -1)+1 ) sop(t—m—1)+1<p+1 and thus
p p+1

o3

t—m—1<1. Hencet—m —1=1, so

(1 1N (p 11 11 p+1
o) (53)(0 1) (o (57 e
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Consequently, the only possible factorization lengths of ( g p ; ! ) are

p+1and 2. smcez:<g p;1>_{2,p+1},A<g p‘;l)_{pl}. 0

The gaps between factorization lengths of a matrix A appear to correspond
to the gaps in the linear combinations of the prime factors of the determinant
minus one.

Conjecture 4.5. If p,q € P and b > pq, then A < ](; Z ) =A{(p-Dax+
(g—1y:z,y € Ng}).

Lemma 4.6. Let a,b € N such that a — b = ged(a,b) = g. Let W = {az + by :
x,y € No}. Then A(W) ={g,2¢,3g,...,b}.

Proof. Let W; = {ax +by € W : x +y = i}. Note that max(W;) = ai and
min(W;) = ib. Now, if i < g then ia < (i + 1)b. Equivalently, every element of
W; is less than every element of W, ;.

W; = {wo, w1, we, ..., wj,...,w;} where w; = ja+(i—7)b. Since w41 —w; =g,
AW;) = {g}. Now, min(W;;1) — max(W;) = (i + 1)b —ia = b —ig for 0 <
1< g. Thus g,2¢,3g,...,b € A(W). Moreover, since all linear combinations
of a and b must be divisible by gcd(a,b), every element of A(WW) must also be
divisble by g. Hence, since nothing greater than b can be in A(W), A(W) =

{9729’397"'71)}- D
If Conjecture 4.5 is true for p = g+2, then {2,4,6,...,q—1} = A ( g Iq) )
C A(S).

Conjecture 4.7. If the Twin Prime Conjecture is true, then 2N C A(S).

4.2 2 x 2 Triangular Matrices, Nj

Let S be the semigroup of upper triangular 2 x 2 matrices with non-negative
entries and non-zero determinant. Notice that the only unit in S is the identity

matrix. Let A = < g i ) e€s.

Theorem 4.8. The atoms of S are X =

O =
— =
~
~
Il
7N\
O =
=N o
~~
=)
3
IS

Z = ( ]O) (1) > where p is prime.

Proof. Suppose X = X;3X5. Since det X = 1, X; and X5 must also have

determinant 1. So write X7 Xy = < (1) rln > < é 7; ) where m +n = 1.

But then WLOG m = 0 and X; is the identity. Now suppose Y = Y1Y5.
By the multiplicative property of the determinant, there are only two possible
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factorizations. First, Y1Ys = ( (1) 1711 ) ( (1) Z ) where 0 = n + mp. But

then we must have m = 0 and hence Y7 is the identity. Second, we could have
Y1Y2:<(1) Z><(1) T)WhereO:nA-m. Hence m = 0 and Y5 is the
identity. Similarly for Z.

We will now show that these are the only atoms. By 4.1, if b > 2, then A is
reducible over the positive integers and hence A is also reducible over the non-
negative integers. So let b = 1.

a 1 1 0 a 1 1 1 a O
FaCtorA_(o c)_(() c)<o 1)‘(0 c>(0 1)' At
d

least one of these factorizations contains two non-units unless a = ¢ = 1. An
if a = ¢ =1, then A itself is an atom.
O

Theorem 4.9. Let A= PP, --- P, = ( 8 i ) € S where P; is an atom for

0 1
Proof. Since P; is an atom, recall that det P; is either prime or 1. Now det A =
det Py det P5---det P;. So |{i : det P; is prime }| = r(A) and then let k = |{i :
det P, = 1}|. Now ¢t = |{i : det P; is prime }|+ |{i : det P, = 1}| = r(A)+ k. O

1<i<t. Thent=r(A)+k wherekz{i:Piz(l L )}|

Lemma 4.10. Let A = ( 8 Zc) > and A = A1Ay -+ Ay where
. A

Ai:(az bz).Thenbz b.
0 ¢ i=1

Proof. When A =1, b =10 > b. Now suppose the result holds for all & < X. So
! / A—1
let AjAs---Ay\_q1 = ( a1 br ) By the hypothesis, by _; > > b;. Now

O /
Cx—1 i=1
A = a')\_l bl)\_l ax by _ a’/\_la)\ a’/\_le + b/)\_IC)\ And
0 Ay 0 cy 0 Ah_1ex :
since a)\_1,cx € N, al_ by + b\ _jea > by + V4. O
1

0
Proof. As in Lemma 4.9, write £(A) = r(A) + k = 1+ k. So we have one copy

Lemma 4.11. If A= ( ; ) where ptr, then L(A) =1+r.

1 . . .
of the atom ( 0 g ) and k copies of the atom in any factorization

0 1
of A, in particular the factorization of A of minimum length. So, either A =

k k
1 1 1 0 1 0 1 1 ..
< 01 ) < 0 p ) or A = ( 0 p > < 01 ) . The first factorization

violates the assumption p 1 r, so we must have A = ( é 2 ) ( (1) ]f > =

((1) ]]j),sokzrandhenceﬂ(A)zl—i—r. O
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Theorem 4.12. Let M € S. Ifb = 0, then (M) = r(M). If blac, then
M) =r(M)+1.

Proof. Suppose b = 0 and write {(M) = r(M) + k as in Theorem 4.9 and

suppose k > 1. So the factorization of M contains at least one copy of the
atom ( (1) 1 ), but then by Lemma 4.10 b > 1. So k = 0 and ¢(M) =
r(M). Now suppose blac. Again by Theorem 4.9, write (M) = r(M) +
k. Since b > 0 we have k¥ > 1 and then ¢(M) > r(M) + 1. Now write

li
= ma’ and ¢ = nc such that a'c = b. Factor A = n”ga ?wc, ) =

(5 0)(5 (3105 2)(5 8) xwms
“(32> (5 s s (s b
r(n)+r(a)+14+7r(d)+r(m)=r(naem’)+1=r(M)+1. O

Theorem 4.13. L(M) =r(M) +b.

. 1 1 a b\ [(a b+tec a b 1 1)
prat se (3 1) (22 )=(8 77 Yoma (8 2) (1 1)
a b+a e 1
<0 c >,each multiplication of ( 0 1

right entry in the matrix. So b > [{i : det A; = 1}|. By Theorem 4.9 we
can write L(M) = r(M) + k where [{i : det A; = 1}|. Since b > k,

): (s )(éif’(g?).
> ( >> = r(c)+b+r(a) =
")

increases the value of the upper

L(M) < r(M)+b. Now factor (

0
ThenL(M)>L(<(1) 2) <(1)

r(M) +b. O

Conjecture 4.14. If A = ( p where p is prime, q € Z, and 0 <

r <p, then 0(A) =q+r+2.

1 0 p 0 1 ¢q
. < : = .
Proof. ¢(A) < q+r+2: Factor A ( 0 p ( > ( 0 1 ) ( 0 1 )
This factorization has length 1+r+q¢+1=q+7r+ 2 O

4.3 Entries Divisible by k&

Let S be the semigroup of n X n upper triangular matrices with entries divisible
by k > 1. Let S°® be S without the zero matrix. Let A € S°®. Notice that S*®
does not have the identity matrix. Thus S® does not have units.

kl’l,l k$1,2 kxl,n
ka’Q s kxg’n

A= ] . , where 211,212, ,ZTpn € Z.
0 ky n
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Theorem 4.15. L(A) = ni(ged(A)).

Proof. Let m = ny(ged(A)). Let A = AjAy--- A, For any B,C € S°, if k¢
divides all entries of B and kv divides all entries of C, then k“** must divide all
entries of BC. Thus, since k divides all entries of each A;, each multiplication
must increase the power of k, so m > t. Hence m > L(A).

For any A € S°, we can write A = k™ 1A’ where A’ € S°. Thus A =
(kI)™=1A’ so L(A) > m. O

Corollary 4.16. A is an atom of S if and only if ni(ged(A)) = 1.
Proof. The result follows immediately from Theorem 4.15. O
Theorem 4.17. S°® is bifurcus.

kI 0
0 kwfl
multiplies each row except the nth by k and multiplies the nth row by k1.

B B
Then 4 = (o 0 - kWan,n> :“(0 0 - kan,n>WhereB:
53 O

Proof. Let k = ( ) Note that x, when multiplied on the left,

Note that these results also apply to lower triangular matrices.

4.4 Entries in Three Ideals

Let S be the semigroup of 2 x 2 upper triangular matrices with entries in three
integral ideals. Let S® be S without the zero matrix. Let A € S®. Notice that
S*® does not contain the identity matrix. Thus S® does not have units.

mi
A= <g Ic)> — (klo S kk"%iu)’ where s ;é 0 (mOd kl),u 7_é 0 (mOd kB) and
3

kl,k‘Q,k‘g > 1.

Theorem 4.18. A is an atom of S* if and only if k1> t a or ks*> { ¢ or
ged(ky, k3) 4 %. Moreover, S® is bifurcus.

Proof. Assume A is reducible. Then a is a product of two multiples of k; and
¢ is a product of two multiples of k3. Thus k12 | @ and k3® | c.

Since A is reducible, b = (ki)(k2f1) + (k2fB2)(ksy) where a, B1, 52,7, € Z.
Hence ged(k1, k3) | k—l;.

For the converse, assume k12 | a and ks | ¢ and ged(ky, ks) | %, so there exist
x,y € Z such that % = kix + k3y. So b = ky(kox) + k3(kay). Then

_ab_k1 kzy kllkgl‘
=600 )6 ) :

Theorem 4.19. If gcd(ky,¢) =1 or ged(ks,a) = 1, then L(A) = min(mq,ms).
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Table 3: Notation for Unitriangular Matrices
Symbol Definition
E;; the matrix with the ¢, jth entry equal to 1 and other entries 0
3(A) the sum of all off-diagonal entries of A

A(z,y,z) greatest k such that k < z, k < y, and

k(k2+3) <2

Proof. Let A = AjAs--- A;. Since each multiplication increases m; and mg,
my,m3 > t. Hence L(A) < min(my, ms).
If ged(kq, ¢) = 1, then a matrix in S is an atom if and only if min(m;, ms) = 1.

. . _[a b o kl b1 ki b2
Let min(my,mg) = i + 1. Factor A = (0 C) = (0 k3> (01 < where

b=kiby + ébl. By the inductive hypothesis, the maximum length of the right
matrix is min(my — 1,m3 — 1) = min(mq,m3) — 1, so L(A) > min(m, ms).
Similarly, if ged(ks, a) = 1, then L(A) > min(my, ms). O

Theorem 4.20. Let g = ged(ky, k3). If g | ko, then L(A) < min(mq, ms,ng(b)+
1).

g

the base step, 7v(B1) > 0 =1 — 1. Now assume that ’y(B ) >i—1foralli <
/

. i1 bj+1 o aa;y1 a bj+1 + b Cjt+1

e (1 ) (g

Since g | kg, ¢/ Tt |_l<:1]k2 | @’bj+1. By the inductive hypothesis, g’~! | ¥/, so

since g | k3 | ciy1, g7 | 'cj1. Hence y(Bjy1) > j, s0 y(A) =~(By) 2t —1. O

Proof. Define 7( ) b). Let A= AjAy---A;. Let B; = AjAy--- A;. For
/

Conjecture 4.21. L(A) = min(my, mg,n,(b) + 1)

4.5 Unitriangular Matrices

Throughout this section, let S be the semigroup of n x n unitriangular matrices.
If A€ S then

1 a1 -+ ain
A =

0 1 Ap—1.n

0 1

with all entries a;; with ¢ > j from Ny or N (depending on the case being
explored). It seems natural to look at unitriangular matrices over Z as well
but this case proves insignificant. On inspection, allowing negative integers into
the matrices changes every matrix in Sz to a unit (all inverses are within the
semigroup). Thus making the properties of Sy trivial, it is more meaningful
merely to focus on Ny and N.
Unitriangular matrices have been applied by previous authors such as

Gomes, Sezinardo, Pin, and Kambites. In [10], Gomes’, Sezinardo’s, and Pin’s
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use of unitriangulars involve the decomposition of n X n upper triangular ma-
trices over a semiring k. They explore the fact that an n x n upper triangular
matrix over a semiring is the semidirect product of the group of diagonal ma-
trices and the monoid of unitriangular matrices over that semiring [10].

Kambites also explores the unitriangular matrix, however not for the sake of
decomposition. In [16], Kambites finds the complexity of all n x n unitriangular
matrices over a finite field k. [16] Rather than unitrainagular matrices used in
factorization and decomposition, the latter uses them in a linear algebraic sense.
Clearly the interest in this specific semigroup proves interesting and useful not
only in this paper. Used by other applications and mathematicians, this inspires
the study of the unitriangular factorization properties which follow.

4.5.1 n x n Unitriangular Matrices

Let E; ; denote the matrix with all entries above the diagonal 0 except the entry
in the ith row and jth column, which is 1.

n x n with Ny Let S be the semigroup of n x n unitriangular matrices with
entries from Ny. Let A be an arbitrary element of S. Define ¥(A) to be the
sum of the off-diagonal entries of A.

Lemma 4.22. A is a unit if and only if £(A) = 0.

Proof. Suppose AB = I for some B € S. By Lemma 4.32, £(4) < X(A4) +
Y(B) < 2(AB) =%(I) = 0. Hence 2(A) = 0.
Suppose X(A) =0. Then A = 1. O

Lemma 4.23. For any wi,Wae,..., Wy >y, (I + D ¢iEy, 2,)(I +dEy ;) =
=1

(2

I+ 3 B +dE, ..
i=1

Proof. Note that E;, ;, Ey, j, # [0] if and only if j; = 45. Let w1, wa, ..., wn, > y.
Then (I + c1Ew, 2, + C2Fws z + -+ mPBupy 2, )L +dEy ) = I+ 1By, 5, +
2By st A CmBu,, o FAEy A (C1 By, oy FC2 By oo+ A Cm B, 2, )AE, ..
Since z; > w; > vy, (¢iFw,»,)(dEy.) = (cid)(Ew, s Ey-) = [0], so (I +
c1Buwy oy + 2Buwg iz + + By 2, ) (L +dEy 2) = I+ 1By oy + 2By 2 +
ot emBu,, z,, FAEy ;. O

Theorem 4.24. L(A) = X(A4)

Proof. Let A = A1As--- Ay where A; # I. By Lemma 4.32, ¥(A) > t. Hence
L(A) < %(4).

m
By Lemma 4.23, for any wq,ws,...,wm >y, (I + > ¢;iEy, o) +dE,.) =
i=1

m 1 1+1
I+ > ¢;Ey, 2, +dE, .. Therefore T[] ( [1u+ Em»)Ai,j)
i=1 i=n—1 \j=n
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1 1+1 1 i+1
= 1[I U+ AiEi;) | = I |1+ X Ak,
i=n—1 \ j=n i=n—1 Jj=n
1 itl 1 i1
=I+ Y > A;E;;=A. Thuswecanfactor A= T[] I+ E; ;)" |,
i=n—1j=n i=n—1 \ j=n
so L(A) > X(4). O
Corollary 4.25. A is an atom if and only if ©(A) = 1.
Theorem 4.26. If n > 3, then p(S) = oco.
n—1 n—1
Proof. Let A € S such that A = [[ ({ + E;41)* = H (I + aF;;41) where
i=1

a € N. Since (I+ LLE172)(I+ CLE273) =1+ aE12 + CLE23 +a E1 35 ifn > 3,
then %(A) > a?, so by Theorem 4.24 L(A) > a®. Since A = H (I+E;;i+1)%

=1

L(A) < (n—1)a. Hence p(S) > lim p(A) > lim %~ = lim =oc0. O

a—0o a— oo (n— )a a—oom1

nxn with N Let S be the set of n X n unitriangular matrices over the positive
integers.

Theorem 4.27. S is bifurcus.

Proof. Suppose that X € S is reducible. Then each superdiagonal entry of X
is a sum of positive integers, so each is at least 2. Thus, for any X € S, if
min(X) = 1, then X is an atom.

1 a2 -+ ain
Assume A € S is reducible. Then A =
0 1 An—1.n
0 1
1 bip - bin 1 ci2 - cCin
— BC = : . : : : . : :
0 .- 1 bpim 0 --- 1 Cpim
0 - .- 1 0 - .- 1
Let Uy =1+ (1 —bl)g)El)Q + (Cn—Ln — I)En—lm and let Uy = I + (bl)g — 1)E172 +
1 1-bip 0 - 0
0 1 o .- 0
(1 — Cn—l,n)En—l,n~ Then U; = and
0 - 1 cpam—1
0 1
1 bipo—1 0 - 0
0 1 0o .- 0
let Uy = : : . Note that U;Us; = I. Thus
0 1 1- Cn—1,n
0 1
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A = BC = BIC = (BU;)(UxC). Note that all entries of U; are nonnegative ex-
cept 1 — b 2; this will be multiplied only by 1 and the corresponding cell of BU;
will be the sum by 2 + 1 — by 2 = 1. Hence BU; € S, and since min(BU;) = 1,
BU, is an atom. Similarly, all entries of Uy are nonnegative except 1 — cp—1,p;
this will be multiplied only by 1 and the corresponding cell of UsC' will be the
sum ¢p—1, +1—cp_1,, = 1. Hence UsC € S, and since min(UyC) = 1, UsC' is
an atom. Consequently, /(A) = 2. O

It is interesting to explore this proof further. As can be seen, the atoms for
unitriangular n x n matrices over the positive integers have yet to be discovered.
However, it is still possible to prove this semigroup is bifurcus. The reason this
can be done is it is known those matrices containing an off diagonal entry
A;j = 1 are atoms (if reducible, then A;; must be at least the sum of two
positive integers, implying A; ; > 2). Since every A € S can be the product of
two atoms of this type, the semigroup is bifurcus, although all atoms have yet
to be identified.

This is not all that is known about unitriangular matrices, merely for the
n x n cases. Much more has been discovered in the smaller dimension matrices
that follow.

4.5.2 2 x 2 Unitriangulars

2 x 2 with Ny Let S be the semigroup of 2 X 2 unitriangular matrices with

entries from Ny. Let A = ( (1) Cll

) be an arbitrary element of S.

Lemma 4.28. A is a unit if and only if A= 1.

Proof. This follows from Lemma 4.22. U
Lemma 4.29. A is an atom if and only if a = 1.

Proof. This follows from Corollary 4.25. U
Lemma 4.30. L(A) ={¢(4) =a

Proof. Let A = PP, --- P, where P; are atoms in S. Then P; = ( é } >, SO

t
1 1 1 t
A—(O 1) _<O 1).Hencet—a. O

Corollary 4.31. S is factorial.

Proof. Since there is only one atom in S, all atomic factorizations of A must be
the same up to units. O

2 x 2 with N Let S’ be the semigroup of 2 x 2 unitriangular matrices with
entries from N. Since S’ = S\{I}, the factorization properties of S” are identical
to those of S.
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4.5.3 3 x 3 Unitriangular Matrices

1 a b
Let S be a semigroup of 3 x 3 unitriangular matrices. Let A= 0 1 ¢ | be
0 0 1

an arbitrary element of S. Let s(A) = a+ ¢ denote the sum of the superdiagonal
of A. The following lemmas, Lemma 4.32 and Lemma 4.33, state properties of
products of two matrices in this semigroup. They will be referred to later within
this subsection.

Lemma 4.32. £(AX) =X(A) +3(X) + A1 2X2,3 for any X € S. Specifically,
(AX)i12 = A1o+ X192, (AX)23 = Aoz + Xo3, and (AX )13 = A1z + Xi3 +
A1 20X 3.

1 = vy
Proof. Let X = 01 =z be an arbitrary element of S. Since AX =
0 0 1
1 a b 1 =z y 1 a4z y+az+d
01 ¢ 01 z|]=10 1 z+c ,L(AX)=a+b+
0 0 1 0 0 1 0 0 1
c+ax+y+z+az=%X(A4)+E(X)+ A12Xo3.
t toi—1
Lemma 4.33. If A= AjAy--- Ay, then B(A) = Y B(A;) + > (X aj)a.
i=1 =1 j=1
1 a; bi
Proof. Let A= A1Ay--- Ay where A;=| 0 1 ¢ |.Let Bi=A1As---A;.
0 0 1
1 101 i
Y(B1) = B(A;) = ;E(Ai) + z:l(zlaj)ci. Suppose X(B;) = ZlE(Aj) +
1= i=1 j= j=

i g1
Yo (> ak)e for all i < m. X(Bpmy1) = 2(BnAms1) = X(Bm) + 2(Apmyr) +
=1 k=1

J
(>-ai)ems1 by Lemma 4.32, so by the inductive hypothesis X(By,+1)

m m J—1 m
= 2 3(45) + 2 (X aw)ej + E(Amy1) + (2o ai)emen
Jj=1 Jj=1 k=1 1=1
m+1 m+1 j—1 t toi=l
= > B(4) + 3. (Y ar)e;. Hence B(A) = 3 8(A) + 3 (3 a))es. 0
j=1 j=1 k=1 i=1 i=1 j=1

3 x 3 with Ny Let S be the semigroup of 3 X 3 unitriangular matrices with
entries from Ny. While first discussing matrices over Ny, it shall be seen that
in comparison to N the factorization properties are drastically different.

Lemma 4.34. A is a unit if and only if X(A) = 0.

Proof. This follows from Lemma 4.22. O
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Theorem 4.35. L(A) = X(A4)
Proof. This follows directly from Corollary 4.25. O
Corollary 4.36. A is an atom if and only if ¥(A) = 1.

Corollary 4.37. If A = A1As--- Ay and A; are atoms, then L(A) = t +
A

S (X a)er

i=1 j=1
Proof. The result follows directly from Lemma 4.33 and Theorem 4.35. O

Theorem 4.38. ((A) = X(A) — min(b, ac) and A(S) = 1.

t
Proof. Let A = A1Ay--- A, where A; are atoms. Since ) (> aj)e; < ac, by
i=1 j=1

t

Corollary 4.37 t > X(A) — ac. Meanwhile, by Lemma 4.32 >~ (> aj)c; < b, so
i=1 j=1

by Corollary 4.37 t > ¥(A) — b. Consequently, £(A) > 3(A) — min(b, ac).

To achieve the length ¥(A) — k where 0 < k < min(b, ac), let k = ga + r where

1 a b
0 < r <a and factor A = 01 ¢

0 0 1
= (I + E273)C_q_1(1 + E172)T(I + E273)(I + ELQ)G_T(I + E273)q(l -+ El,g)b_k.
Thus 4(A) < £(A) — min(b, ac) and A(S) = 1. O

Note the order of the matrices are important to achieve the minimum length.
This semigroup is not commutative. For example: (I + Ea3)(I + E12) =
I+ Ey3+FEi192# I+ E12){+Ey3) =1+ E1 2+ Ez 3+ E1 3. Recall how the
minimum length was not noted for the n x n case. This precise order, as seen
in the 3 x 3, surely does exist for n x n matrices, but that which was difficult
in a 3 x 3 matrix, is ever more daunting to find for an n x n matrix.

Corollary 4.39. p(S) = o

1 a a
Proof. p(S) > limp| 0 1 a | = lim ‘122%2“ = lim %2 = oo by Theo-
rems 4.35 and 4.38. O

3 x 3 with N Let S be the semigroup of 3 x 3 unitriangular matrices with
entries from N. Note that S has no identity and no units.

Lemma 4.40. Ifa=1orc=1 orb <2, then A is an atom. Otherwise, A is
reducible and £(A) = 2.
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Proof. Suppose A = BC for some B,C' € S. Then a and ¢ are sums of two
positive integers, so a,c > 2. Further, b is a sum of three positive integers, so
b>3.

1 a b
Suppose a,¢>2and b > 3. Factor A= 0 1 ¢
0 0 1
11 b 1 a—1 by
= 01 c—1 0 1 1 where b = by + 1 + b;. O
0 0 1 0 0 1

Define A(x,y, z) to be the greatest k such that k < z, k < y, and w < z.

Lemma 4.41. L(A) = A(a,c,b) + 1.

Proof. Let A= A1Ay--- A Let Th =1+ ). > E;;. Entrywise,

i=1j=it+1
1 a b 11 1\’
01 ¢ |=4A=4A---A>TI=(0 1 1
0 0 1 0 0 1
Vgt
:(0 1 t by Lemma 4.33. Hence a >t >t—1landc>t >t — 1.
0 0 1

Similarly, b > @ = tz% > t2+2t_2 = (tfl)Q(HQ), and therefore t — 1 <
A(a,¢,b). Thus ¢t < A(a,c,b) + 1, so L(A) < A(a,c,b) + 1.

Let A = A(a,¢,b). Then A < a, A < ¢, and w < b. Factor A =

111 11 1\ 7 /1 e b2
0 1 ¢c—A 0 1 1 0 1 1 . Thus
0 0 1 0 0 1 0 0 1
L(A) > A+1=A(a,c,b) + 1. O

4.5.4 4 x 4 Unitriangular Matrices

4 x 4 with N Let S be the semigroup of 4 x 4 unitriangular matrices with

1 a b ¢
. 0 1 d e .
entries from N. Let A = 001 f be an arbitrary element of S. Note
00 0 1
that S has no identity and no units.

Theorem 4.42. A is an atom if and only if a <2, d <2, f <2,b<3,e<3,
c<4, orb+e<d+4. Moreover, S is bifurcus.

1 a b ¢
. . 0 1 d e

Proof. Suppose A is reducible. Than 00 1 f =A=A4A,
0 0 0 1
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1 ay b1 C1 1 as b2 C2
_ 0 1 d1 €1 0 1 dQ €9
“lo o0 1 f 00 1 #f
0O 0 0 1 0 0 0 1
1 ai+as by+bs+ards c1+co+ajes+b1fo
= 8 (1) dy ng “ _;fir_;jlfz . Hence a > 2, d >
0 0 0 1

2, f>2,b>3,e>3,andc>4. Also,b+e=0by+bs+a1ds+ey+exs+dyfo>
d4ardo+difo>4+di+do =4+d.
Suppose that a > 2, d>2, f >2,0>3,¢>3,c>4,and b+e > d+4. Factor

1 a b c
01 d e
A= 001 f
0 0 01
1 1 1 1 1 a—1 b—ds—1 ¢—3
o 0 1 d1 € — dl —1 0 1 d2 1 .
= 00 1 Fo1 0 0 1 1 Hence A is
0 0 O 1 0 0 0 1
reducible and ¢(A) = 2. O

4.6 Gauss Matrices

A Gauss matrix (also called a Frobenius matrix) is a lower unitriangular matrix,
where all of the off diagonal entries are zero, except for the entries in one column.
That is, a matrix of the form:

1 0
0
0 1
0 0 1

0 aji1; 1

0 Aj42, 5 0

: : R |
0O ... 0 ap; O ... 01

Gaussian elimination of column j is described by multiplication with a Gauss
matrix that has the non zero entries on the jth column. Since this type of ma-
trices are essential in LU factorizations, they have wide applications in pure and
applied mathematics. See [9], [21], [7] for more information on Gauss(Frobenius)
matrices.

When two Gauss matrices are multiplied, the only entries that change are the
off diagonal entries. Furthermore, these off diagonal entries are added. Let S
be the semigroup of n x n Gauss matrices with a fixed non zero column. Let j
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be the column with non zero diagonal entries. Then we can express A = BC,
the product of two Gauss matrices as:

ajt1,j bj+1,5 Cj+1,5
ajt2,) bj+2,j N Cj+2,j

A:

n,j bn,j Cn,j

4.6.1 Entries from N

Let S! be the semigroup of n x n Gauss matrices with a fixed nonzero column of
positive entries. Let A € S'. Notice that S' does not have the identity matrix.
Thus S does not have units.

Let m = min{a; ; : a; ; is a positive off diagonal entry of A}.

Theorem 4.43. A is an atom of S if and only if 1 is an off diagonal entry of
A. Furthermore, L(A) = m.

Proof. Let a; ; be a positive off diagonal entry of A. If A is the product of
two matrices B,C € S', then a; ; = b;; + ¢; ;. where b; j,c; ; are positive off
diagonal entries, b; ; € B and ¢; ; € C'. Thus a; ; # 1. For the converse, assume

that a; ; > 1. WLOG, assume m = a,, ;. Then A can be factored into m atoms:
m—1

@415 1 ajpr,; = (m—1)
A= : — :
Gn—1,5 1 An—1,5 — (m - 1)
Qn,,j 1 1
Assume to the contrary that L(A) =t > m. Then a,; >t > m = a,,.
Contradiction. O

Corollary 4.44. If j #n — 1, then S' is bifurcus. Otherwise, S* is factorial.
Moreover, L(A) = {(A) = ann—1.

Proof. Case 1: j #n—1
If A is reducible, then

Ajt1,5 1 a1, —1
ajt2,j ajt2,5 —1 1
A= |a+35 | = [ a+s5 —1 1
Qn,j n,j —1 1

Case 2: j=n—1

If j = n—1, then a,, ,—1 is the only off diagonal entry. Since ay n—1 = apnn—1(1),
the only possible factorization of A into atoms is:

A= (ann) = (1) 0
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4.6.2 Entries from N

Let S° be the semigroup of n x n Gauss matrices with a fixed nonzero column
of non negative entries. Let A € S°. The identity matrix I is the only unit of
S0, since it is the only element with an inverse.

Theorem 4.45. A is an atom of S° if and only if the the off diagonal entries
of the jth column are zero, except for one single 1 entry.

Proof. Assume the off diagonal entries of the jth column of A are zero, except
for one single 1 entry. WLOG, assume a;41; is the 1 entry. If A = BC, then
the only possible factorization of A is:

Aj41,5 1 1 0
- ajJ.rg,j _ 0 _ 0 0
nj 0 0/ \o

That is, A = AI. Thus A is an atom. For the converse, assume A has more
than one off diagonal non zero entry. WLOG, assume a;11,;,a;42,; > 0. Then

aj+1,5 ajt1,j — 1 1

Aj+2,5 1 ajiz,5 —1
A= |aj+3;5 | = 0 0

Qn,j 0 0

Now assume A has one off diagonal entry greater than 1. WLOG, assume
Aj+1,5 > 1. Then

Aj+1,5 aj+1,; — 1\ (1
Giy2. Q42,5 0
j+2,5 J+2,5
A= . = . . O
Qn,j Qn,j 0

Theorem 4.46. S is factorial. Furthermore, L(A) = ((A)

I
™
Q
-
<

k=j+1
Qi1 1\ @i o\ %2 0\ %
j+1,
@j+2,5 0 1 :
Proof. A= . = :
: : : 0
(n,j 0 0 1
Assume to the contrary that A has a different factorization. Then one of the
1
0
exponents in the previous factorization is different. WLOG, assume | . | has
0

an exponent ¢ # a;11 ;. Since multiplication of matrices in S° implies addition
of the off diagonal entries, then we have a;y; ; =t # a;j4+1,;. Contradiction.
O
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4.6.3 Entries from Z

Let S be the semigroup of n x n Gauss matrices with a fixed nonzero column
of integer entries. Let A € S. Then

Aj+1,5 aj+1,; — 1\ (1
j+2, ajyz,5— 1] |1

A= . = )
Qn,j Qpj — 1 1

Thus S does not have atoms.

4.7 Equal-Diagonal Triangular Matrices

Now we will consider a generalization of unitriangular matrices, equal-diagonal
triangular matrices. An equal-diagonal triangular matrix has all diagonal entries
equal.

Let S be the commutative semigroup of 2 X 2 upper triangular matrices
with entries from Z and diagonal entries equal and nonzero determinant. Let

b .

A= ( g a ), a # 0 be an arbitrary element of S. Let d4 = Vdet A denote
the (repeated) diagonal entry of A.

Lemma 4.47. Let a,b,c € Z. ged(a,be) | ged(a, b) ged(a, c).

Proof. Let g = ged(a,be). Since glbe, g = g1g2 where g1]b and gale. g1lg|a, so
g1/ ged(@, ). galgla, 0 g2] ged(a, c). Thus g = g1gol ged(a, by ged(a, ). O

Lemma 4.48. Let B,C € S. If ged(dp,dc) =1,
then ged(BC) = ged(B) ged(C).

_(ds B _(de ~
Proof. LetB-( 0 dB)andC—< 0 de ),so

dpdc d d

pde dpy+dof ) -y g = ged(BC) = ged(dpde, dpy + def).
0 dpdc

Since g | dgdc, g = g1g2 where ¢1 | dp and g2 | de. g1 | dp | dgy and ¢1 | g |

dpy + dcf, so g1 | deB. Hence g1 | ged(dp,dcp) | ged(dp, dc) ged(dp, 8) =

ged(B) by Lemma 4.47. Similarly, g2 | do and g2 | dpy + de3, so g2 | dpy

and g» | ged(C). Thus g = g192 | ged(B) ged(C).

Since ged(B) divides all entries of B, ged(C') divides all entries of C, and all

entries of BC are sums of products of entries of B and C, ged(B) ged(C) |

ged(BC). O

BC =

Lemma 4.49. Let B,C € S. ged(dp, de)|ged(BC) and
ged(B) ged(C)| ged(BC).

_(ds B de v \ _ ( dpdc dpy+dch
Proof. Let BC' = ( 0 dg ) ( 0 de )= 0 dpdc .

ged(dp,de) divides dpde and dpvy + de B, so it divides ged(BC). Similarly,
ged(B) ged(C) divides dpde and dpy + def, so it divides ged(BC). O
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Lemma 4.50. A is a unit if and only if |det A| = 1.

Proof. Suppose A is a unit. Then there exists some B € S such that AB =1,
so det Adet B =det I = 1. Hence |det A| = 1.

~1
_ a b a —b
Suppose|detA|:1.ThenA1:<O a) :detA(O a )GS. O

m

b
0 pm where p 1 b for some
p € P, then A is an atom. Otherwise, A is reducible.

Theorem 4.51. If vVdet A € P or A = ( P

Proof. Suppose A is reducible. Then A = BC' for some nonunits B,C € S, so
det A = det Bdet C = (dg)?(dc)?. Hence vdet A = dpdc, so since |dg|, |dc| >
1, Vdet A ¢ P. Thus if vdet A € P, then A is an atom.

Suppose that d4 = p™ and A = BC for some nonunits B,C € S. Then
dp = p™ and d¢ = p™2 where m;+mg = m, and since |dp|, |[dc| > 1, my,ma >

_ (P b\ L _ (P b prr by )

0, Hence A == ( 0 an > - BC - ( 0 pnll ) < 0 pm2 N
m M m2

( pO g b2p—i7_np bl >a so since mi,ma > 07 p ‘ pmle +pm2b1 = b ThUS lf

A= ( pO p[’)” ) where p t b, then A is an atom.

Now suppose that neither condition is satisfied.

Case 1: A = ( pO pl:n ) where p | b. Since ged(p,p™ ") = p | b, there

exist b1,by € Z such that b = pby + p™ 1b;. Factor A = ( p l,)n ) =

0 p
p by pm_l by
0 p 0 pm—l .
Case 2: dg = st where ged(s,t) = 1. Factor A = %t ;)t )

:<8 %)(8 bt2>whereb:sb2+tb1. O

Lemma 4.52. If gcd(A) =1, then L(A) = L(A) = w(da).

Proof. Let A = P P,--- P, for some atoms P; € S. For any 1 < 4,5 < t,
ged(PP, PY) | ged(A) =1, s0 ged(P?, P}) = 1. Thus L(A) < w(da). Meanwhile,
since all P; are atoms, w(P?) = 1. Hence £(A) > w(da). O

Lemma 4.53. Ifw(ds) =1, then L(A) = r(ged(A)) + w(gcﬁi@)).

0 pnl,
for some atoms P; € S. Let C = P,_1P;. By Lemma 4.49, p | ged(C), so
C = pD. Hence pB = pPiP>---P;,_5D, so B = PiPy---P;_oD. Thus, for
any such B, L(pB) < L(B) + 1, and so since L(pB) = L((pI)B) > L(B) + 1,

Proof. Let B = < p B ) € S such that L(pB) =t. ThenpB = P\ Py--- P,
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L(pB) = L(B) +
Let w(da) =1 and let A = ged(A)A’. Then by the above L(A) =
r(ged(A)). Since ged(A') = 1, by Lemma 4.52 L(A’) = w(da’) = w(g i?A))’ S0

L(A) = r(ged(A)) + w(gcziz‘A)). O

Theorem 4.54. L(A) = r(ged(A)) + w(gcgz‘A))

Proof. Let A = P\Py--- P, for some atoms P, € S where t = L(A). Group
the atoms by the primes on their diagonals so that A = Q1Q2 - Qu4,) Where

dg, = q?q‘(dA and L(A) = wid? L(Q;). By Lemma 4.53, L(Q;) = r(ged(Q;)) +
do, w(da) w(da w(da)
i) so LA = 3 1) = 3 rlaed(@0) + 3 (i) =

w(da) wida) 5
( H ged(Q;)) +w( 1:[1 m):r(gcd(A))—&-w(gcd( y) by Lemma 4.48. [

Lemma 4.55. If w(da) =1, then 1 < ¢(A) < 4. Furthermore, if 21 da, then
1<?¢(A) <3

m n

_ _(p™ p"b
Proof. Ifw(dA)—l,A—( 0 pm

b=0,let n=17m+3221. If m =1 or n =0, then A is an atom and ¢(A) = 1.
Assume m > 1 and n > 0. Further, if n = 1, then A = (pI)A’ where A’ is an
atom, so {(A) = 2. Assume n > 1.

Case 1: m > 2n. Factor A = ( pO ]Z)ff )

_ pmfn bl pn b2 ny _ ,m—n n —
_( 0 pmn><0 pn>wherepb—p by + p™by, so b = by +
P by, p | P 2"by and p 1 b, so p 1 by for any solution (b, bo), and if p | by we
can replace by with by +p™ 2" and by with by — 1, so that p { by. Thus £(A4) = 2.

2n n
Case 2a: m = 2n and p = 2. IfA:BC,thenA:(QO §2§>:BC:

( 201 21371” ) ( 202 2137212 > where 2"b = 2™1by +2™2); and mq +meo = 2n.
Without loss of generality, m; < mg, so m; < n and 2"~ "1 = by + 2"27 ™1}y,
If mi = mo = n, then b = by + by is odd, so by and by cannot both be odd,
so since m; = mo = n > 1, one of the factors must be reducible. If m; < n,
then b must be even, so since mo > n > my > 1, the right matrix is reducible.

22n 2"b> B

) where p € P and pt b unless b =0. If

Thus ¢(A) > 2. However, since n > 0 we can factor A = ( 0 92n

2 0 2277,71 2n71b
0 2 0 22n—1
L(A)<1+42=3,s0((A) =

2n n
Case 2b: m = 2n and p # 2. Factor A = < pO pzf >

). Since 2n — 1 > 2n — 2 = 2(n — 1), by Case 1

p2n
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= < pO PI;}L ) ( pO gi ) where p"b = p"by + p"bs, S0 b = by +by. If by or by

is divisible by p, we can replace b; with b3 +«a and by with by —« where o« Z —by
(mod p) and a # by (mod p) so that p divides neither. Thus £(A) = 2.

Case 3a: m < 2n and m is even. Factor A = ( pO ];nf) )
7 b o N - - ‘
= < pO p% ) ( pO p,é ) where pnb = p?bl -|—p7b2 =pz2 (bl _|_b2) Since

ged(p?,p?) = p% | p"b, there exist infinitely many such by, by € Z. If by or by
is divisible by p, we can replace b; with by +«a and by with by — « where o Z —by
(mod p) and o # by (mod p) so that p divides neither. Since p | by + ba, there
will be an « even when p = 2. Hence ¢(A4) = 2.

Case 3b: m < 2n and m is odd. IfA:BC,thenA:(pO Z;n?):

mi m2
BC = ( pO pljél ) ( pO pl:iz ) where p"'b = p™1by+p™2by. Without loss
of generality, m; < ma, so my < n and p"~™b = by 4+ p™2~™1h;. Hence p | bo,
so since mg > my > 1, the right matrix is reducible. Thus ¢(A) > 2. However,

m n m—1 n—1
since n > 0 we can factor A = * p,,f) =(7? 0 P pmilb .
0 p 0 p 0 p

o If m<2n—1,then m—1<2n—2=2(n—1), sosince m — 1 is even, by
Case 3a ((A) = 3.

e Ifm=2n—1and p# 2, then m—1=2n—2=2(n—1) and by Case 2b
L(A) =3.

e If m =2n — 1 and p = 2, then by Case 2a £(A) < 4. Further, if n > 4,
then since b # 0 as n < 17m + 3221, b — 2" =3 — 2 is odd, so since
A= 2m 2"
0o 2m

22 1 on—2 1 =l p—2n=3 2
= ( 0 22 ) ( 0 2n72 ) ( 0 277,71 )7 E(A) =3.
. . 25 23p
However, if n = 3, then if A = BC, A = = BC =

mi m2
< 20 QZZYIH ) < 20 21322 ) where 23b = 2m1b2+2m2b1 and mi+meo =

5. Without loss of generality, m; < ma, so m; < 3 and 23~™1p =
by + 2™M27™1h . Since mg > 3, 23—m1 ‘ ba. If my = 1, then 4b = by + 8b1,
so 4 | by and 8 1 by. Hence by Case 2a the minimum length of the right
matrix is 3. If m; = 2, then 2b = by + 2by, so by is even. Thus the right
matrix is reducible. If bo = 0 mod 4, then by the above the minimum
length of the right matrix is 3. Since by + 2b; = 2b =2 mod 4, if by = 2
mod 4 then 2b; =0 mod 4, so by is even and both matrices are reducible.
Consequently, ¢(A) = 4.

O
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Theorem 4.56. w(da) < 0(A) <3w(da)+1

Proof. Let A = Py Py--- P, for some atoms P; € S where t = ¢(A). Group
the atoms by the primes on their diagonals so that A = Q1Q2 - Qu(a,) Where

do, = q?“i( ) and L(A) = E E(Ql) By Lemma 4.55, 1 < £(Q;) < 3 for each
g #2,and 1 < {(Q;) <4 fql = 2. Hence w(d) < £(A) <3w(da) + 1. O

Corollary 4.57. p(S) = oo

- m—oo m—oo

4.55. 0

2m
Proof. p(S) > lim ( p() gm ) = lim 2* = oo by Lemmas 4.53 and

Lemma 4.58. If M = AX = BY where dg = dp, w(da) = w(dp) = 1, and
wldx)=w(dy)=w(dp)—1, then A2 B and X Y.

Proof. Let M = d e\ _ AX = P b T’% bs = BY =
' “\o0 d) Lo pm 0 %) B
pm bg ('rin. b4
( 0 pm > pO 4 where e = p™by + pimbl = p"by + pimbg. Since
pm
ged(p™, pﬁln) = 1 | e, the solutions to this equation are described by (b1 +

kp™, by — k *-). Since b3 is a solution to this equation, bs = by + kp™ for some
m
keZ. Let U= ( Lok ) ThenBz(p b+ kp™ )

0 1 0 P
pm b1 1 k . ~ ~
= = AU. Since AZ¥ Band AX=BY, XXY. O
0o pm 0 1

Lemma 4.59. For all A € S and all atoms P € S, £(AP) > ((A) — 2. Fur-
5 93

thermore, If {(AP) = ¢(A) — 2, then A= M 20 225b ) for some odd b and

some M € S such that 21 det M and 2 | det P.

Proof. Let A = AjAg--- Ayy) for some atoms A; € S. Group the atoms
by the primes on their diagonals so that A = B1By--- B, 4,) where dp, =

w(da)

bgde(d“"bi’) nd ¢(A) = Z ((B;). Let AP = PP, --- Py spy for some atoms
P, € S. Again, group the atoms by the primes on their diagonals so that

w(dap)

AP = QlQQ"'Qw(dAP) where dq, = que( arsai) and ((AP) = Z 6Qi).

2

Without loss of generality, P | Qu(q,p)-

Since dg, = dp,, by Lemma 4.58 Q1 = B;. Now suppose that Q; = B; for all i <

m. Since all Q;, B; have nonzero determinant and BBy -+ B, P = AP =

Q1Q2 Qu(dap)s Bm+1+ Byl = Qm+1- Qudap)- Hence by Lemma

4.58 Q41 = Bpyy1. Thus, for 1 <i < w(dap), @i = B;. Hence £(Q;) = ¢(B;)

w(dap) w(dap)—1

for all 1 <i <w(dap),so L(AP) = 3 Q)= > UBi)+Quap))

i=1

i=1
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Case 1: ged(dp,da) = 1. Then w(dap) = w(da) + 1. Since P | AP,
Qu(dap) | AP, and dq,, , = dp, by Lemma 4.58 Qu(4,,) = P, so ((AP) =
w(dAp)—l w dA

2 UBi) +UQuiar)) = Zﬁ( i) +4(P) = £(A) + 1> {(A) -

Case 2: ged(dp,da) > 1. Then w(dap) = w(da), so since Q; = B; for 1 <
w(dAp)fl
i <w(dap) =w(da), By, P = Qua,)- Meanwhile, ((AP) = > 4(B;)+
w(da)—1

i=1

(da)—
E(Qw(dAP)) = ; (BZ)
Case 2a: By a,) # for any odd b. Then ¢(AP) = ((A) —

U(Buaq)) + UQuas)) = €(A) —3+2 = {(A) — 1 by Lemma 4.55. Hence
L(AP) > ((A) —1>4(A) —2.
5

+£(Qw(d,4 ) - E(A) E( dA)) +€<Qw dA))
2

vV
7N
O(‘.ﬂ
[\)
\G)
01&3

3
225b for some odd b. Then ¢(AP) = ¢(A) —

Case 2b: Bya,) =

U(Buay)) + UQuay)) > €(A) —4+2 = ((A) — 2 by Lemma 4.55. Hence
5 93

L(AP) > ((A) —2 > ((A) — 3. Moreover, since ( 20 225b ) P = B, )P =

Qu(dy) and w(Qu(a,)) = 1, dp must be a power of 2.

|v/_\
o N

5 93
Lemma 4.60. Let b € Z be odd. At least one of 3,4 € [,(( 20 225b ) P) for

any atom P € S such that 2 | det P.
Proof. Let dp = 2".

Case 1: h=1. Then P = g g for some g € Z, so
25 2% p_ 26 2534+ 2%
0 2° L0 26

— 5 3
(o) (o )0 2 nen(y 5 )
h

Case 2: h > 2. Then P = ( 2 B ) for some 3 € Z, and  must be odd.

0o 2"
25 23b 2h+5 255 4 2h+3b
Hence 0 9 = < 0 9h+5
(20 4 1 4 -1 2h B +2M%
Lo 2 0 4 0 4 0 oh » 50
5 3
4ec(<20 225”)13). O

Theorem 4.61. A(S) ={1,2}

Proof. Let A € S*andlett = L(A). Then A = A1 Ay - A, for some atoms A; €
S. Let ¢; = £(A1As - -+ A;). Notice that ¢; —2 < ¥¢;1; < ¢; + 1 by Lemma 4.59,
¢1 =1and ¢; = £(A). If we take the minimum length factorization of A1 Ay - - - A;

36



and append A;;1 - - - Ay, we have a factorization of A with length L; = ¢; +t —1.
Thus we have a map from {1,2,3,...,¢} to {L(A),L(A) —1,...,¢(A)}. Since
bi—2+t—1—1< €i+1—|—t—i—1 <tl;+t—i, L;—3< Ly <L, so there can
be no gaps in the factorization lengths greater than 3. Hence A(A) C {1,2,3}.
Case 1: L; —2 < L;41 for 1 <i<t. Then A(A) C {1,2}.
Case 2: L,,—3 = Ly, 41 forsome 1 < m <t. Then ¢,,—2 = {,,,1+1. By Lemma
4.59 there can be only one such m, and we have that: A,, 34, 2A4mn_1An =
5 93
( 20 225b ) for some odd b, 2 f det(A1 Ay Ap—y), and 2 | det Ayp1. Let
A1Ay--- Ay = BBy -+ - By, where B; are atoms in S. Since
12(B1Ba - - By, ) = 10, we can shuffle the B; so that B1Bs--- By, = BX for
some X € S such that dx = 2° and ¢,,, = {(B) + {(X). Since A;Ay--- A, =

5 93
BX = AjAy--- Ay, 4 20 225” ) by Lemma 4.58, B = Ay Ay--- A, 4 and
(25 2%
X: 0 25 , SO Eng(B)+£(X):ém_4+4
25 2%
By Lemma 4.60, at least one of 3,4 € L( 0 2 Apt1). Let ¢ € {3,4}.
25 2%

SinceA=A1A2-~At=A1A2~-~Am4( 0 25

t—(m+1) e L(A). Since by +c+t—(m+1) =L, +t—m—-5+c=
L,,—5+¢c € {L,, —2, L,, — 1}, this factorization length lies in the gap between
L,, and L,,41, that is, L,,11 = Ly, —3 < Ly, — 5+ ¢ < Ly, Hence 3 ¢ A(A),
so A(A) C {1,2}.

Consequently, A(A) C {1,2} for any A € S*, so A(S) C{1,2}.

8 1\ /4 1\ (32 4\ [(20\[/20)/[38
( 0 8 ) ( 0 4 ) "( 0 32 ) "( 0 2 ) ( 0 2 ) ( 0 8 )'

Thus 1 € A(S).

)Am+1"'At7 £m74+c+

Suppose ( 801 801 = (102C5. Without loss of generality, do, = 9, so

(5 )= 5)(5 %) %)

_ ( 801 27b3+28'71b2 + 90 ) Since 27 | 0 = 27by + 27y + 9, and 27 |
. . 81 0
27bs + 27bg, 27 | 9by, so 3 | by. Hence C; is reducible, so 3 ¢ L 0 81 )

4
. 9 1 9 -1 81 0 3 0
Meanwhﬂe,(og)(() 9)—<081>—(03>.Thus26
O

A(S).

5 Rank One Matrices

Rank 1 matrices have been intensely studied from many different perspectives.
For examples of such different approaches, see [23], [18] and [24]. In this section
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we study the factorization properties of several semigroups of n x n rank 1
matrices.

5.1 Semigroup of n x n Matrices with Rank 1 and Entries
from N

Let S be the semigroup of n X n matrices with rank 1 and entries from N. Let
A € S. Recall that if a matrix A has rank 1, then there exist column vectors
u,v such that A = uwv”. Note that S has no identity and no units.

Lemma 5.1. ged(uv®) = ged(u) ged(v).

Proof. Since every entry in uv” is the product of an entry of u and an entry of
v, ged(u) ged(v) divides each entry of uv”. Thus ged(u) ged(v) | ged(uvT).

Since ged(u) | ged(u) ged(v) | ged(uv®), ged(uv®) = kged(u) for some k € Z.
Notice that uv? = [viu vou v3u -+ vyul, so kged(u) = ged(uv?) divides each
entry in v1u. By the maximality of ged(u), for no prime p | k can p ged(u) divide
all the entries of u. Hence k | vy. Similarly, & | ve,vs,...,vn, so k | ged(v).
Thus ged(uv?) = kged(u) | ged(v) ged(u), so ged(uv?) = ged(u) ged(v). O

Theorem 5.2. A is an atom if and only if gcd(A) < n. Moreover, S is bifurcus.

Proof. Suppose A is reducible and write A = A; As. Since Ap, As have rank 1,
write A; = uyv] and Ay = uyvd where u; and v; and column vectors of length n.
Then A = uyvT ugvd = uy (v ug)vd = (vTug)v ug. Since vius € N is a sum of
n positive integers, v7 us > n. Thus, since v ug | ged(A), ged(A4) > viuy > n.

Now suppose ged(A) > n and write A = ged(A)B. Notice that ged(B) = 1, so
B is an atom. Since rank(B) = 1, write B = uv? where u, v are column vectors.
Since ged(A) > n, write ged(A) = 2Ty where z = [(ged(4) —n+1),1,1,...,1]T
and y = [1,1,1,...,1]" so that A = ged(A4)B = (zTy)uv? = (ua®)(yvT). Since
B = wv!, by Lemma 5.1 ged(u)|ged(B) = 1, so ged(u) = 1 and similarly
ged(v) = 1. Hence by Lemma 5.1 ged(uz”) = ged(yv”) = 1, so uz” and yo”
are atoms, and consequently ¢(A) = 2. O

Define ¥,,(g) to be the greatest integer k such that there exist
91,92,93,---,9%,7 € Z such that ¢ = gi1g293---grr where r < n < g; for
1 < ¢ < k. Note that ¥a(g) = r(g).

Theorem 5.3. Calculating U, (g) is NP-complete.

Proof. Factor g = p1pa - - - pr where p; € P. U,,(g) is equal to the maximum num-
ber of disjoint subsets of {1, 2,3, ...,t} such that for each subset {a1,as,...,q;},
PayPas =" Pa; > n. Then log(pa,) + log(pa,) + - - + log(pa,) > log(n). Hence
finding ¥, (g) is equivalent to solving a bin-covering problem, which is NP-
complete. O

Theorem 5.4. L(A) = ¥, (ged(A4)) 4 1.
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¢ ¢
Proof. Assume A has some factorization of length t. Let A = [[ A; = [Jwv] =
i=1 i=1
t—1 t—1 ' '
uy [T (i wigr)vf = wyvl T] (vi, wiv1). Since each (v;,u;41) is a sum of n posi-
i=1 i=
tive integers, each must be at least n. By Lemma 5.1,

ged(A) = ged(ur) ged(vy) [T (vis wit), so Wn(ged(A)) =

i=1

t—1 t—1
\I/n <ng(U1) ng(’Ut) H <’Uz', Ui+1>> Z \Ifn (H <UZ‘, ui+1>) Z t — 1. Hence
1

i= i=1
L(A) <V, (ged(A)) + 1.

Now let ¥,,(gcd(A)) = k. Then ged(A) = rg1g293 - - - gr. for some
Tyg1,92,93,---,9k Where r < n < g; for 1 <14 < k. Write A = gcd(4)By,
Tg19293 * * * gk B

For any i, by Lemma 5.2 we can write ¢;B; = B;_1C; since ged(g; B;)
g Z n. Hence rg19293 - gz—lngz = Tg19293 ‘- " gi_lBi_lC’i. Thus A
7919293 - - gk B = (rBp)C1C2C5 -+ - Cy, so A has a factorization of length
least k + 1 and consequently L(A) > ¥, (gcd(A)) + 1.

O% v

5.2 Semigroup of n X n matrices with Rank 1 and Entries
from mN.

Let m € N and let S, be the semigroup of n X n matrices with rank 1 and
entries from mN. Let A € S,,.

Lemma 5.5. If m? { gcd(A), then A is an atom. If A = m?B where B € Sy,
then A is an atom in Sy, if and only if B is an atom in S1. Moreover, Sy, is
bifurcus.

Proof. The result follows from Theorem 2.8. O

Lemma 5.6. a — (b— 1)[ %] < [“£].

Proof. Let a+1 = bg+r where r < b. Then a— (b—1)[“1] = a—(b—1)(¢+1) =

a+1qufb+q:7"fb+q<qzt‘%‘1j. O

Theorem 5.7. Let gcd(A) = m*q where m 1 q.
L(A) = max{t : t <V, (m"tq) +1}.

Proof. Let A= A1Ay--- A; where A; € S, are atoms. Then A =
A1 As - Ay = mBimBy---mB; = m!B1 By - - - B; where B; € S;. Since
\I/n(gcd<B1B2 ce Bt)) +1= L(BlBQ te Bt) Z t and ng(BlBQ te Bt)
= %(;4) =mFtq, t <V, (mFtq)+1. Hence L(A) < max{t:t < ¥, (m"tq)+
1}.
Let 7 = max{t : t < ¥, (m*~tq) + 1}. Write A = m”B where B € S;. By
Lemma 5.4, we can factor B = By By --- By where A\ = ¥,,(m*F~7¢q) + 1.
T<AsoA=m"B = (mBy)(mBg):--(mB;Bry1---B)), so L(A) > 7
max{t: t < W, (m*tq) + 1}.

o
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Corollary 5.8. Let gcd(A) = mFq where m t q. If k < W,(q) + 1, then
L(A) =k.

Proof. By Theorem 5.7, L(A) = max{t : t < ¥, (mF~tq) + 1} = k. O

Corollary 5.9. Let gcd(A) = mFq where m t q. If k > W, (q) +1 and m =

p1p2 -+ ps where n < p; € P, then L(A) = {WJ

Proof. Let p = {WJ Since p < W, r(m)k + ¥, (q) +

1—r(m)p > u, so U,(mFHq) +1 =r(m)k —r(m)u+ ¥,(¢) + 1 > p. Hence
pe{t:t <V, (mktq) +1}.

Let 7 > pu,s07 > p+1 > [%‘W-I Then ¥, (mk=7q) +1 =

r(m)k+¥,(q)+1—r(m)r <r(m)k+¥,(¢)+1—r(m) [%_‘ <p<T

by Lemma 5.6, so 7 ¢ {t : t < W, (mF*q) + 1}. Hence by Theorem 5.7,
L(A) = max{t: t < U, (mFtq) + 1} = p. O

5.3 Rank One Matrices Generated by a Set of Vectors

For n > 1, let T C Z™ and let S be the semigroup of rank 1 matrices generated
by T. That is, S = {au” : @ € Z" and u € T'}. Observe that by the matrix
transpose the properties of any such S also hold for S’ = {ua” : a € Z" and
u € T}. Let A be an arbitrary element of S. Note that S has no identity and
no units. Define ged(u) to be the greatest common divisor of the entries of wu.
Let G = {ged(u) : uw e T*}.

Theorem 5.10. If 1 € G, then S has no atoms.

Proof. Since ged(u) = 1 for some u € T, there exists an x € Z™ such that

uTx = 1. Factor A = au” = (uT2)au” = a(uT2)u” = (au”)(zu®). O

Because of Theorem 5.10, we shall assume 1 ¢ G. Notice that if (au”)? =
au”, then we must have u”a = 1. Hence ged(u) = 1. Thus our assumption that
1 ¢ G implies that S has no idempotents.

Lemma 5.11. Let a,b,u,v € Z". If au” = bwT # 0, then u = rv and b = ra
for some rational number r.

Proof. Since au” = b, a;u; = b;v; for all i,j. Since au’ = bv™ # 0, there

as

exist s and t such that as,bs,u, vy # 0. Hence $+ = Z—i If ug, v # 0, then
Z—’; = Z—i, hence u;, = Z—zvk. Suppose up = 0. If vy # 0, then azup # bsvg.
Hence v, = 0. Thus u, = %vk. Letting r = %, we obtain u = rv. Hence
T = au” = a(rv)? = (ra)v?. Thus we have (b — ra)v? = 0. Since v # 0, we
must have b = ra. O

Corollary 5.12. For nonzero a,u € Z™ there exist only finitely many b,v € Z"
such that au” = bvT.
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Proof. Let a,u € Z". By Lemma 5.11, if au” = bv”, then b = ra and v = %u
for some rational 7“ Hence the number of such b and v is equal to the number

of r such that ra, Tu € Z". Let r = %, where (m,n) = 1. If ta € Z", then we
must have n | gcd( ). Hence |n| < gcd( ). Similarly, we have that |m| < ged(u).
Thus there exist only finitely many such 7. O

For A € S°, define R(A) = {(a,u) € Z" x T : A = au”}. Note that by
Corollary 5.12, |R(A)| is finite.

For any H C Z\{-1,0,1} and g € Z\ {0} define ©x(q) to be the maximum
t such that there exist hy,...,hy € H and r € Z \ H such that ¢ = rhy - hy.
Observe that O (q) is finite for each H and ¢. Also notice that if H = {x : 2 >
n}, then Oy (q) = ¥, (q).

Theorem 5.13. For A€ S, L(A) = ( Igla;i((A){@(;(gcd(a))} + 1.
a,u)e
Proof. Suppose A = A1A2 -A;. Then A = A1A2 CAp =
ajufagul - apul = (H ula;1)ajul. Let b= (H ula;i1)a;. Since
i=1

chd(ul) | ged(b), we have t — 1 < O¢(ged(b)). Hence

i=1

L(A) < {Oc(ged(a))} + 1.
(a,u)GR(A)
Let # = max {O¢(ged(a))}. Then there exist g1,92...,99 € G and s €
(a,u)€R(A)

N\ G such that gi1gs---ggs = ged(a). Let a = g1g2 - - - gga’. There exist u; € T
0

and z; € Z" such that ulx; = g; for 1 < i < 6. Then a = ([Julz;)d'u’ =
i=1

0 6-1
o ([Tulz)u” = (aud)(T] 2wl ) (zou”). Hence L(A) > 6+ 1. O

= =2

Notice that Theorem 5.13 provides a classification of the atoms of S. Suppose
A = au” with ©¢(ged(a)) = 0. If for each r such that ra € Z" and u € T
©c¢(ged(ra)) = 0, then A is an atom. In particular, this is satisfied when |r| =1
for each such r.

Lemma 5.14. Let s be a nonzero integer and let a € Z™. If ged(a) | s, then
there exists some x € Z" such that a’z = s and ged(z) = 1.

Proof. Let a¥x = s. If |s| = 1, then ged(x) = 1. Suppose |s| > 1. Let
P1,D2,...,p: be the distinct prime factors of s. Let P = [[p;. Suppose pl |
ged(z). By the maximality of ged(a) there is some a; such that p; { = d(a)

. . P
Let k # j. Replace z; with z; + gcd(a)p— gcd(u) o
Hence we can obtain some x such that p; t ged(z). Suppose there exists some
nonunit ¢ such that ¢ | ged(x). If p is some rational prime that divides ¢, then
p | ged(a). Hence p | p; for some I. Thus p; | ged(z), a contradiction. Hence

ged(z) = 1. O

and replace xj with x; —

Theorem 5.15. S is bifurcus.
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Proof. Suppose A = agu{ is reducible. Let {4} be the set of rational numbers
such that “ag € Z" and [*tug € T with (ml7 nl) = 1. Let m; be the integer of
greatest magmtude of such ™ that satisfy ©g(7* ged(ao)) > 0. Suppose there
are multiple j for which |m]( Imq|. Choose the j that minimizes |nj|. Let
a = "tag and u = [tug. Let a = ged(a)a’. We claim that there exist v € T
and z € Z" such that a’vT and zu® are atoms and v’z = ged(a).
Existence of v: There must be some w € T such that ged(w) | ged(a). Let g be
the integer of greatest magnitude such that %w € T. If ¢ and —q both satisfy
this, choose the positive of the two. Let v = %w. We claim that a’v is an atom.
If a’ € Z" and Zv € T where (m,n) = 1, then |n| = 1. If |m| # 1, since
Ly € T we have that miqw € T, which contradicts the maximality of |g|. Thus
we have that || = 1. Hence a’v is an atom.
Existence of z: By Lemma 5.14, there exists some x € Z" such that ged(z) =1
and v7z = ged(a). We claim that zu” is an atom. If 2z € Z" and Zu € T
where (m,n) = 1, then |n| = 1. If |m| # 1, since gu € T we have that
2ty € T, which contradicts the maximality of |m;| unless m | n;. In this

mmy
nt
case, we have that Z-uo € T'. But this contradicts the minimality of [n;[. Thus

T

we have that |7*| = 1. Hence zu" is an atom. O

An example of such semigroups is the semigroup of n X n matrices with
n — 1 rows of zeros and a row of entries divisible by k. This would be generated
by TZ"™ where T = {key, kea, ..., ke, }. Matrices with rows of zeros have been
studied in different contexts. [26], [19] and [5] are examples of such contexts.

Next, we study a semigroup of matrices with n — 1 rows of zeros that is not
generated by any subset of Z".

5.4 Rows of Zero

Let S be the semigroup of n x n matrices with n — 1 rows of zeros and a row of
entries in Z*. Let S® be S without the zero matrix. Let A € S®. Notice that
S*® does not have the identity matrix. Thus S® does not have units.

Theorem 5.16. A is an atom of S® if and only if gcd(A) = 1 or A has a prime
entry. Furthermore, S® is bifurcus.

Proof. Let ay,as,...,a, be the nonzero entries of A. If A = BC, where B,C €
S*®, then there exists b € B such that ay,as9,...,a, = bpk where pk € C, p is
prime and k € Z. Thus a1, as,...,a, are composite and ged(A) > b > 1. For
the converse, assume ged(A) > 1 and A does not have a prime entry.

Case 1: ged(A) is an entry of A.

Let ay,as,...,a, be the nonzero entries of A. WLOG, assume that a; = gcd(A).
So ay = pip2...pn. Then
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A= bip2 - Pn az o Qnp

0 0
0
0 0 D1 P(lzlll2 Pafltn
0 0
_ Z—i 2 2
0 0
0 - 0/ \g ... .. ¢

Case 2: ged(A) is not an entry of A.
Let g = gcd(A). Then

o -~ 0 0 o\ [*1 Tn,
0 0
_ gri et gTn g 2 2
A= o -~ 0|~ 1o - 0 =
0 .- 0 0 .0 O o O
r(ged(A)), if ged(A) is an entry of A;

Theorem 5.17. L(A) = , i
r(ged(A)) + 1, if ged(A) is not an entry of A.

Proof. Case 1: ged(A) is an entry of A.
Let ay,as, ..., a, be the nonzero entries of A. WLOG, assume that a1 = ged(A).

So a; = p1p2 . ..p, where p; is prime; ailag,as...a,. Then A can be factored
into r(a;) = r atoms:

0 e e 0

_ | bip2 - Pr az Gnp, _

A= 0 e .0 | T
0 0
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0 0\ [Pz p2 pr B2 S
, , 0 0 0 0
D b1
0 0
0 0/ \o 0 0o - -0
Assume to the contrary that L(A) = ¢t > r. Then a; is the product of ¢

entries. But the maximum factorization length of a; is r(a;) = r. Contradiction.
Since the maximum factorization length of a; is its factorization into primes,
L(A) = r(gcd(A)).

Case 2: ged(A) is not an entry of A.

Let gcd(A) = p1pa - - - pr where p; is prime. Then A can be factored into r + 1
atoms:

0 0
A= pip2 - -prZ1 PiP2 - PrI2 p1p2 - PrZn
- 0 0
0 0
0 0 D2 D2 Dr Dr Z1 Tn
0 0 0 0 0 0
_|p - m
0O --- 0
o - 0 0 --- 0 0 --- 0 0 --- 0

where 21, za,...,2, > 1 and ged(z1, 22, ..., 2,) = 1.

Assume to the contrary that L(A) =t > r + 1. Then each entry of A is the
product of ¢ 4+ 1 entries. As shown in case 1, L(gcd(A)) = r. Then the last
matrix is reducible. Contradiction. 0

5.5 The Semiring of Single-Valued n x n Matrices

A single-valued matrix is a matrix with all entries equal. We will consider
semirings of single-valued matrices with entries from N, Ny, and Z; regardless of
which of these rings is chosen, the factorization properties are identical. Unlike
most others within this paper, these semirings were inspired by the previous
work of Bernard Jacobson in his paper Matriz Number Theory: An Example
of Nonunique Factorization[14]. Jacobson focused on the specific case of 2 x
2 matrices. As the title suggests, his motivation was the nonuniqueness of
factorization in the 2 x 2 single-valued matrices. As such, Jacobson discovered
the atoms of the semiring but did not investigate the invariants that we are

44



concerned with. Also, Jacobson produced motivation to extend the single-valued
semiring to the n x n case, but did not complete this extension.

Taking Jacobson’s paper as a starting point, this section completes the anal-
ysis and extends his idea to the n x n case. Throughout this section, define the
semiring .S, to be the commutative semiring of single-valued n X n matrices with
entries from either N, Ny, or Z, where n > 1. S,, possesses a useful multiplica-
tive property. Recall the notation [a] for the n x n matrix with all entries equal
to a (notation adopted from Jacobson) [14]. For [a],[b] € Sn, [a][b] = [nab].
Although appearing a bit obscure, it is a fairly simple computation. Each entry
of [a][b] is the sum of n terms all equal to ab, resulting in n(ab). This property
of the product furnishes the factorization properties that follow.

Note that S,, has no identity and no units.

Lemma 5.18. [a] € S is an atom if and only if a is not divisible by n.

Proof. Since any reducible [s][t] = [nst] must have entries divisible by n, any
element [a] where a is not divisible by n must be an atom. Conversely, if a is
divisible by mn, it is easily factored as [a] = [nst] = [s][t]. O

Recall that the notation 7,(a) = w denotes w as the greatest power of n
that divides a.

Theorem 5.19. If [a] € S, with n,(a) = w, then the mazimum factorization
length L([a]) = w+ 1. If n = p* for some prime p € P with n,(a) = m, then

{([a]) = [%—tﬂ and p(Spr) = %Tfl Otherwise, Sy is bifurcus. Further, if

n € P, then A(Sy) = 0; otherwise, A(S) = {1}.

Proof. Let w = n,(a). Let [a] = [a1][az] - - - [a¢] where [a;] € Sh. Then [a] =
[a1]a2] - - - [as] = [n*~tajaz - - - a4, so n,(a) >t — 1. Hence L([a]) < nu(a) + 1.
Meanwhile, factor [a] = [1]*[;%]. Hence L([a]) > w + 1 = ny(a) + 1.

Assume n = p*. For any [ ] € Sn, a = p™y where y is not divisible by p.
Assume [a] has atomic factorization length d. Then

[Pyl = [P y1][p"?y2] - - [P ya] where y = Hyl and m = Zmz + k(d —1).

i=1 =1
Each [p™iy;] is an atom, thus by Lemma 5.18, m; € [0,k — 1] Note that de-

d
pending on the values of the m;, > m; can take any integer value between 0 and
i=1
d

> mi
d(k—1). Introduce integer ¢, such that =— = d(kfkl)fc is an integer. Then d =

%4_17 sod = mictk > B’Ifﬂ Hence £([a]) B}Cj-‘ Observe that

for any [p™y] € Spr, p([(P™y]) = (| ] + ([2k+1—‘) (%) -
]2~

2E=1 This elasticity is achieved, since [p"(?¢=2)] = 1 = [p’C 1k, That

d
A(S,r) = {1} follows from the fact that ) m; can take any integer value be-
i=1
tween 0 and n(k—1), when k > 2. However, when k = 1, then [a] = [p™r] € S,,
l([a]) = m +1 = L([a]) and A(S,) = 0.
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Table 4: Notation for Bistochastic Matrices
Symbol  Definition

min(A) the minimum entry of the matrix A

¢(4) the row sum and column sum of the bistochastic matrix A
c(A) the column difference of the 2 x 2 bistochastic matrix A
(u,v) the 2 x 2 bistochastic matrix A with ¢(A) = w and ¢(A) = v

Now assume n = st where ged(s,t) = 1. For an arbitrary [a] € S°, let

w = np(a). Then [a] = [n"y] where st = n { y, so at least one of s,t 1 y.
Without loss of generality, s y. Write [a] = [n¥y] = [s¥t¥y] = [s¥[t¥ " y].
Thus £([a]) = 2, so S*® is bifurcus. O

6 Bistochastic Matrices

The familiar definition of a doubly stochastic matrix is a square matrix of non-
negative real numbers, each of whose rows and columns sum to 1. For the
purposes of this section, we will consider a bistochastic matrix to be a matrix
with integral entries and a characteristic row and column sum. Note that any
matrix with rational entries and row and column sum 1 may be converted into
this form by multiplying by an integer to clear all denominators; the multiplier
is then the row and column sum of the matrix.

Bistochastic matrices are important in probability and combinatorics. The
most well-known result concerning doubly stochastic matrices is the Birkhofl-
von Neumann Theorem, which states that the set of doubly stochastic matrices
is the convex closure of the set of permutation matrices, and we will show that
this result also holds for integral bistochastics. The problem of finding multi-
plicative atoms among the bistochastics has been previously studied[20][27]; we
offer some results for the semigroup of such matrices with positive entries. The
problem of approximating an arbitrary matrix as a bistochastic matrix has also
been studied[25].

6.1 Semigroup of Bistochastic Matrices with the Opera-
tion of +

6.1.1 Entries from N

Let S be the semigroup of bistochastic n x n matrices with entries from N and
the operation of +. Let A be an arbitrary element of S. Note that S has no
identity and no units.

Theorem 6.1. L(A) = min(A)

Proof. Let A= A1+ Ay +---+ A;. Since each A; must contribute at least 1 to
each entry of A, t < min(A4). Thus L(A) < min(A).
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Let m = min(4) — 1. Then A = m[1] + (A — [m]). Hence L(A) > m+1 =
min(A4). O

Corollary 6.2. A is an atom if and only if min(A) = 1.
Theorem 6.3. S is bifurcus.

Proof. Suppose that A € S is reducible. Then by Corollary 6.2 min(A4) > 2.
Pick 4,j such that A;; = min(A). Let P be some permutation matrix such
that P;; = 1. Let B = [1] + (min(A) — 2)P. Then A = B + (A — B). Since
min(B) = min(A — B) = 1, by Corollary 6.2 £(A) = 2. O

6.1.2 Entries from N

Let S be the semigroup of bistochastic n X n matrices with entries from Ny and
the operation of +. Let A be an arbitrary element of S. Define ¢(A) to be the
row sum and column sum of A.

Lemma 6.4. The only unit in S is the zero matrix.

Proof. Let U be a unit in S. Then U + (=U) = [0] for some —U € S. Thus
s(U)+s(=U) =¢([0]) =0, s0 (U) = —¢(=U). Since all entries are nonnegative,
s(U) > 0and ¢(=U) >0, so ¢(U) =¢(-=U) =0, and therefore U = [0]. O

Lemma 6.5. Forany A€ S, A= A"+ P where A’ € S and P is a permutation
matriz.

Proof. Suppose A € S is a nonzero matrix permutation equivalent to the fol-
lowing matrix

ai i ce a1,k T1
Dixr c
Gk o Okk Tk
B = ki1, k+1 Qk+1,t Tht1
By pxi—k
At k+1 ce At Tt
e Ck Chit1 “ee ¢t | [0]n—txn—t

where a;; > 0, ¢; € My_1(N), r; € My ,,—¢(N), k is the number of r; which
contain only zeros, and ¢ < n is maximal. Since k of the r; are zero, without loss
of generality 71 =19 = --- = rp = [0]1xn—¢. Define R, , to be the permutation
matrix that exchanges row x with row y.

Toward a contradiction, suppose t < n.

If there exists some j such that c; and r; each contain a positive entry, pick
s such that the sth row of ¢; is positive; then R; ;B contains at least ¢ + 1
positive entries along the main diagonal, which contradicts the maximality of ¢.
Hence cpi1 = cpr2 =+ ¢t = [0]n—tx1-
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Suppose that C' = [0]gxt—k. Then > A pxr—r = (t — k)s(A), s0 rgp1 =
- =14 = [0]1xn—t. But this would imply B has a column of zeros, so C' cannot
be [0]gxt—k. That is, there exists some entry C,, > 0. Then R, , Ry ,+1B has
at least ¢t + 1 positive entries along the main diagonal, which contradicts the
maximality of ¢t. Hence t = n.

Consequently, A is permutation equivalent to some B = I+ B’ where B’ € S.
Hence, for some permutation matrices Q1,Q2, A = Q1BQ2 = Q1(I + B Q2 =
Q1Q2 + Q1B’Q2. Thus there exists some permutation matrix P = ;@2 such
that A= A"+ P where A’ = Q1B'Q> € S. O

Theorem 6.6. A is an atom in S if and only if A is a permutation matric.

Proof. Suppose A is reducible. Then A = B 4 C where ¢(B),s(C) > 1, so
¢(A) > 2. Hence if A is a permutation matrix, then A is an atom.

Suppose ¢(A) > 2. By Lemma 6.5, A = A’ + P where A’ € S and P is a
permuation matrix. Since ¢(A’) = ¢(4) —1 > 1, A’ is not a unit, so A is
reducible. O

Corollary 6.7. S is half-factorial and L(A) = £(A) = ¢(A).

Proof. Since ¢(A; + As) = ¢(A1) + ¢(A2) and ¢(P) =1 for all atoms P € S, by
Theorem 2.1 L(A) = ¢(A) = ¢(A). O

6.2 Semigroup of Bistochastic Matrices with the Opera-
tion of x and Entries from N and Odd Determinant

Let S be the semigroup of bistochastic 2 x 2 matrices with entries from N and

odd determinant. Let A = ( Z Z > be an arbitrary element of S. Define

¢(A) = a — b. Note that S has no identity and no units.

Set u =¢(A) =a+band v =c(A) = a—b, so that a = “F* and b = “F¥.

Thus we can represent A as the ordered pair (u,v). Since a,b € N, u > |v|+2 and

u = v (mod 2). Since det A = a?—b? = (a+b)(a—b) = uv and det A is odd, u and
utv u—v zty =y ur+vy uUr—vY

v must be odd. Since ( Wo Wt ) ( 22y 2ty ) = ( wrlvy  uztuy ),
2 T2 T2 2

2 2 2 2

<

(u,v)(2,y) = (uz, vy).

Lemma 6.8. (u,v) is reducible if and only if there exist x,y € Z such that
zy=uw and 0 <z —y <u—w.

u

Proof. Suppose there exist such z,y € Z. Suppose that x > u; then y = Zv < v,
sox—y > u—v, —+. Hence z < u. Since uv = zy and z < u, g = ged(u,y) > 1.
Since < w, there must be some a < g such that x = a%. Then y = %2 = 9.

Since 0 < a < gand z >y, £ > %. Hence we can factor (u,v) = Z%, %ﬁg,ai.
Now suppose that (u,v) is reducible. Then (u,v) = (u, yﬁ%, %5 where pt > v
and%> 2. Note that v = v <1/ﬁ <,u% =uandv=vy <y <u%:u. O
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Lemma 6.9. Ifdet A = k? for some k € Z, then A is reducible. If d € 7 is not
a perfect square, then there exists exactly one atom Py € S such that det Py = d.

Proof. Let A = (u,v) such that wv = det A = k?. Since k -k = uv and
v < k <k <u, by Lemma 6.8 A is reducible.

Let d € Z such that d is not a perfect square. Let Py = Zu, vj such that uwv = d
and u — v is minimal. By the minimality of u — v, there are no x,y € Z such
that zy = wv and 0 < ¢ —y < uw — v, and since d is not a perfect square,
there are no x,y € Z such that zy = wv and 0 < r —y < u —v. Hence by

Lemma 6.8 P, is an atom. Meanwhile, for any B = (¢(B), ¢(B)) € S such that
det B = d and B # P, by the minimality of u — v, 0 < u — v < ¢(B) — ¢(B)

and uv = d = ¢(B)c(B), so by Lemma 6.8 B is reducible. O

Define Z(u,v) to be the maximum ¢ such that there exist uq,us,...,us,
V1, V2, ..., U such that u = f[ u; and v = ﬁ v; and u; > v;. Note that E(u,v) <
@200' i=1 =1

Theorem 6.10. L(A) = E(s(A), c(A)).

Proof. Suppose A = AjAs--- A ¢(A) = ¢(A1)s(Az)---s(As) and c¢(4) =
c(A1)c(Ag) - c(Ar). Since all entries are positive, ¢(A4;) < ¢(A;). Hence t <
E(s(A4), c(A)), so L(A) < E(s(A), ¢(A4)). t

Let k = Z(s(A), c(A)). Then there exist ¢1,S2,...,Sk, C1,C2, . . ., cx where [[¢; =
i=1

¢
¢(A) and [[¢; = cand ¢; > v;. Since ¢(A) and ¢(A) are odd, all ¢; and ¢; must
=1
' Sitci Si—Ci
be odd, so ¢; + ¢; and ¢; — ¢; are even. Let B; = ( @2ei e > Then
soe ste

A= BBy By, s0 L(A) > k = Z(c(A), c(A)). ’ 0

6.3 Semigroup of Bistochastic Matrices with the Opera-
tion of x and Entries from N and Any Determinant

Let S be the semigroup of bistochastic 2 x 2 matrices with entries from N and
a b
b

¢(A) = a — b. Note that S has no identity and no units.

any determinant. Let A = be an arbitrary element of S. Define

Conjecture 6.11. Let d € Z. If d is a perfect square and 16 t d, then S has
no atoms with determinant d. If d is a perfect square and 16 | d, then there
exists exactly one atom Py € S with determinant det Py. If d is not a perfect
square and 16 1 d, then there exists exactly one atom Py € S with determinant
det P;. Finally, if d is not a perfect square and 16 | d, then there exist exactly
two atoms Py, Qq € S with determinant det Py = det Qg = d.
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