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Abstract. This paper sets out a framework for discussing operations whose
cost can be made to approach zero by subdividing the operation into an increasing number (K) of stages. Examples of such processes include what thermodynamics books call quasistatic processes with wasted work as the cost.
More generically, they include processes taking place with near-equilibrium
conditions between the participants. For any ﬁxed value of K, there are always many ways to carry out the subdivision. This paper addresses some
questions related to the asymptotic (large K) behavior of the minimum total
cost. In particular, we show that corresponding points in optimal subdivisions
for objectives with the same quadratic part diﬀer by O(1/K), while the values
of the objective functions diﬀer by O(1/K 2 ). Our main result is the construction of a geometrically motivated near-optimal partition scheme whose total
cost (for each K) diﬀers from the true minimum by O(1/K 3 ). The research is
motivated by recent eﬀorts in the analysis of entropy production minimization
for thermodynamic processes. In that context, our result shows that the equal
thermodynamic distance subdivision will come within O(1/K 3 ) of the true
minimum entropy production.

1. Introduction
Generally speaking the cost of an operation decreases with its size or scale. In
the present article, our concern is with processes for which, in the limit of small
size, the cost increases quadratically with size. This gives an advantage to running
a process in many small steps rather than one total step. To see how this advantage
arises in a simple example, suppose that when the size of a certain operation is cut
in half, the cost is scaled down by a factor of four, i.e., the cost is proportional to the
square of the size or scale. Now suppose the operation (originally carried out in one
stage) is subdivided into K stages, each 1/K times the scale of the total operation.
If C denotes the cost of the operation before subdivision into stages, the cost of
each stage will now be C/K 2 , and the total cost of the operation after subdivision
will be K · C/K 2 = C/K. Clearly, for this particular cost/scale relation, the more
stages, the better.
As a general class of physical examples we have in mind operations that take a
thermodynamic system from one equilibrium state to another at the cost of producing entropy. The subdivision into stages corresponds to the appropriate selection
of intermediate equilibrium states through which the system is led. Such a scenario
often gives rise to an entropy production with an asymptotic dependence on K very
much like the simple example cited above.
1
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A prototypical example is the following. Suppose a ﬁxed quantity of some material (heat capacity Cp ) with temperature T equilibrates (isobarically) to a bath
with temperature T +. We measure the size of the operation by , the temperature
change of the material, and the cost of the operation by the total entropy change of
the material and bath, i.e. the entropy produced, ∆S u . A direct calculation shows
(1)

∆S u =

Cp 2
 + ··· ,
2T 2

where the ellipsis denotes higher terms in . We see that this provides a simple
example of the quadratic cost/size relation discussed above when the size, , is
suﬃciently small to make the higher order contributions negligible.
Another important physical example is a distillation column, where the overall
operation is the separation into components of a binary, two-phase mixture. Two
neighboring trays in the column represent a single stage in the process, each tray
representing an incrementally improved separation. The interface between two such
trays is a site of entropy production or exergy loss associated with an exchange of
material across a gap in temperature and chemical potential. If the temperature
proﬁle along the column can be thermostatically controlled, this particular source
of internal dissipation can be driven closer and closer to zero by increasing the
number of stages.
The motivation behind our presentation comes primarily from the two thermodynamic examples above [1, 2]. The present treatment puts on a rigorous mathematical basis the approach of neglecting higher order terms in the type of optimizations
pursued in that ﬁeld for large values of K. One important reason for the present
paper is to put forth a rigorous argument for the asymptotic optimality of the
equal thermodynamic distance solution to the optimal partitions problem. But the
motivation also extends beyond physical examples. The asymptotically quadratic
nature of the cost arises many other places. For example, it shows up in the nearequilibrium behavior of forgone beneﬁt in theories of systems whose equilibrium is
characterized by optimal match to the environment. This includes economic theories where the cost is foregone welfare gains [3], coding theory where the cost is the
expected number of extra bits transmitted [4], and 2-person game theory where the
cost is in lost payoﬀ. In these areas also, the issue of stepwise control to adjust to
a changing environment leads to a problem of the sort discussed below.
In Section 2 we deﬁne the notions of a locally 2nd-order cost function, ϕ, and
its quadratic part, ϕ∗ , and establish some of their basic properties. Here the reader
can think of ϕ as the available (useful) energy lost (or entropy produced) when a
thermodynamic system equilibrates to a bath at a new temperature. As explained
above, this lost availability, for a small temperature step, varies as the square
of the temperature change, and, in this context, ϕ∗ represents the (temperaturedependent) proportionality factor. We also introduce the notion of an optimal
partition scheme. If we imagine the system to be brought from one temperature
to another in a series of K equilibrations, the optimal partition scheme speciﬁes
for each K the staging of the intermediate temperatures that minimizes the total
availability lost.
Section 3 proves some technical results on the “uniform” character of optimal
partition schemes in general. Included is the fact (Theorem 2) that consecutive
intervals within an optimal partition diﬀer in length by O(K −2 ). This result, while
not surprising, has the consequence (Proposition 6, to be used in Section 4) that
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the minimum values of cost functions with the same quadratic part also diﬀer by
no more than O(K −2 ).
The proofs in Sections 2 and 3 (with the possible exception of Theorem 2) are
quite straightforward and can be skipped by the savvy reader. They are included
for completeness.
In Section 4 we introduce a near-optimal scheme based on a special metric deﬁned
on the parameter space. This equal distance partition scheme has the virtue that it
is directly computable in terms of the quadratic part of the cost function, and yet
its total cost diﬀers from the true minimum by no more than O(K −3 ). This result
(Theorem 6) is quite surprising and underlines the signiﬁcance of the asymptotic
questions posed here and the importance of their careful analysis.
We now lay out the mathematical framework for our discussion.
2. Staged Operations with Continuous Progress Parameter
Let us suppose that the progress of a certain operation is measured by a suitable continuous parameter, t, that varies over an interval I = [a, b] from start to
completion1 . Further suppose that for any two intermediate levels of completion
r and s with a ≤ r < s ≤ b, we are able to formulate the cost, ϕ(r, s), of taking
the operation from r to s. If we regard this transition as a potential stage in the
subdivision of the full operation, then the quantity s − r is a measure of the scale
or size of that stage. As we noted in our simple example, the issue of whether there
is any beneﬁt to increasing the number of stages hinges on how the cost ϕ(r, s) of
a stage varies with its scale s − r. We choose a smooth class of functions for which
the total cost of the operation can be made to vanish in the limit K → ∞. For
this class, a comprehensive theory can be developed for studying how the minimum
cost depends asymptotically on K, the number of stages into which the operation
is divided.
The local cost functions ϕ that we will study are positive valued and have the
property that, for s close to r, the cost is essentially quadratic in the diﬀerence
(s − r). More precisely, a C ∞ function ϕ(r, s) deﬁned on I × I is called a locally
2nd-order cost function iﬀ
(2)

ϕ(r, s) > 0,

whenever s = r,

and the following limit exists and is positive for all t ∈ I, deﬁning a C ∞ function
ϕ∗ called the quadratic part of ϕ:
(3)

0 < ϕ∗ (t) =

lim
(r,s)→(t,t)

ϕ(r, s)
,
(s − r)2

where, of course, r = s is avoided in the limit.
Suppose the operation is divided into K stages, where tj represents the level of
completion after the jth stage. Such a division amounts to a K-fold partition, PK ,
of the interval I:
(4)

a = t0 ≤ t1 ≤ · · · ≤ tK = b,

wherein the system progresses during the jth step from tj−1 to tj .
1 In the thermodynamics problems of interest, I represents the interval over which some convenient parameter varies along a given path in (many dimensional) state space.
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We take the total cost for the process to be cumulative over the K steps:
Φ[PK ] =

(5)

K


ϕ(tj−1 , tj ).

j=1

We are particularly interested in partitions that minimize the total cost. That
such partitions exist for each K can be seen by the following argument. The
set of (K + 1)-tuples (t0 , · · · , tK ) corresponding to partitions (4) form a compact
subset of RK+1 . The total cost (5) as a function deﬁned on that set is continuous,
and therefore assumes a minimum value. A sequence {PK } of such minimizing
partitions, one for each K, will be called an optimal partition scheme for the cost
function ϕ.
Such schemes will be studied in Section 3, but ﬁrst we clarify the relation between
a locally 2nd-order cost function ϕ and its quadratic part ϕ∗ . We will use subscripts
to denote partial derivatives of ϕ(r, s), e.g., ϕ11 = ∂ 2 ϕ/∂r2 , ϕ12 = ∂ 2 ϕ/∂r∂s.
Proposition 1. Let ϕ(r, s) be a locally 2nd-order cost function with quadratic part
ϕ∗ (t). Then the following two equivalent statements hold.
The 2nd-order Taylor polynomial for ϕ(r, s) about the point (t, t) is simply
ϕ∗ (t)(s − r)2 .

(6)

The following relations hold among the ﬁrst few derivatives of ϕ(r, s) on the
“diagonal”:
(7)

ϕ(t, t) = ϕ1 (t, t) = ϕ2 (t, t) = 0,

1
1
1
ϕ11 (t, t) = ϕ22 (t, t) = − ϕ12 (t, t).
2
2
2
We prove the second statement of the propostion ﬁrst. To establish ϕ(t, t) = 0,
we observe that the limit in the numerator of (3) is ϕ(t, t). If this were not zero,
the limit of the quotient would fail to exist, since the limit in the denominator is
clearly zero.
To verify ϕ1 (t, t) = 0 and ϕ∗ (t) = 12 ϕ11 (t, t), we make use of L’hopital’s rule in
deﬁnition (3) along the path (r, s) = (t + h, t):
(8)

ϕ∗ (t) =

ϕ(t + h, t)
ϕ1 (t + h, t)
= lim
h→0
h2
2h
As in the above argument, if, in the second limit, the limit of the numerator were not
zero, the limit of the quotient would fail to exist. Thus we must have ϕ1 (t, t) = 0.
With this we may apply L’hopital’s rule once again to obtain
1
ϕ1 (t + h, t)
lim
= ϕ11 (t, t).
(10)
h→0
2h
2
Thus equations (9) and (10) together establish ϕ1 (t, t) = 0 and ϕ∗ (t) = 12 ϕ11 (t, t).
We establish ϕ2 (t, t) = 0 and ϕ∗ (t) = 12 ϕ22 (t, t) in exactly the same way by applying
L’hopital’s rule in deﬁnition (3) along the path (r, s) = (t, t + h). We have now
established (7) and the ﬁrst two equations in (8).
The third equation in (8) can be obtained in a similar manner by considering
the path (r, s) = (t + h, t − h). Using (7) we can apply L’hopital’s rule twice in
succession to obtain
ϕ(t + h, t − h)
1
ϕ∗ (t) = lim
(11)
= (ϕ11 (t, t) − 2ϕ12 (t, t) + ϕ22 (t, t)) .
2
h→0
4h
8
(9)

ϕ∗ (t) = lim

h→0
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The third equation of (8) now follows from its ﬁrst two equations. The second
statement of the propostition is now established.
The ﬁrst statement now follows from the identity
(12)

(s − r)2 = (s − t)2 − 2(s − t)(r − t) + (r − t)2 ,

and the proposition is proved. 
One succinct consequence of Proposition 1 is that we may write
(13)

ϕ(r, r + ) = ϕ∗ (r)2 + · · · ,

where the remainder involves  to order at least 3. The propostion below shows
that (13) is also suﬃcient to imply that the function ϕ is locally 2nd-order.
Proposition 2. A function ϕ deﬁned on I ×I is locally 2nd-order iﬀ equation (13)
holds for all (r, r + ) in I × I.
The implication was argued above. For the converse, deﬁne s = r +  and note
that equation (13) rearranges directly to
(14)

ϕ(r, s)
= ϕ∗ (r) + · · · ,
(s − r)2

where the remainder involves (s − r) to order at least 1 and hence approaches zero
as (r, s) → (t, t). 
Equation (13) is the form in our physical example above regarding the isobaric
heating of some material. Proposition 2 shows that Deﬁnition (3) is merely a more
symmetric form of this same assumption. Equation (13) is, however, physically the
more palatable form2 .
Proposition 3. Let ϕ and ϕ∗ be as in Proposition 1. There are constants A, B > 0
so that, for any r, s, t ∈ I,
(15)

A(s − r)2 ≤ ϕ(r, s) ≤ B(s − r)2 ,

(16)

A ≤ ϕ∗ (t) ≤ B.

Eq. (3) allows the function ϕ̂(r, s) = ϕ(r, s)/(s−r)2 to be extended to a positivevalued continuous function on all of I × I. It therefore has a maximum B and a
minimum A distinct from zero, and the proposition follows. 
Much of the development below concerns assertions regarding the degree of suboptimality obtained in using an optimal partition for a modiﬁed objective function
that has the same quadratic part as our original cost. Before proceeding, we will
need one further technical result on the diﬀerence in stage cost for two functions
with the same quadratic part.
Proposition 4. Let ϕ(1) and ϕ(2) be locally 2nd-order cost functions with the same
(1)
(2)
quadratic part, ϕ∗ = ϕ∗ . Then there exists a constant Q such that
(17)

|ϕ(1) (r, s) − ϕ(2) (r, s)| ≤ Q|s − r|3 ,

for all r, s ∈ I.
2 To see that entropy production indeed is locally 2nd-order, we need to interpret ϕ(r, s) as the
entropy production of a system initially at state r reaching equilibrium at s with an environment
(reservoir) whose constant intensities guarantee that at equilibrium the system will be in state s.

6

JAMES D. NULTON AND PETER SALAMON

In order to prove this proposition and later results, we will ﬁnd it useful to deﬁne
the norm of a continuous function f (r, s) for r, s ∈ I:
(18)

||f || = max{f (r, s) : r, s ∈ I}.

Apply Taylor’s theorem to third order to both ϕ(1) (r, s) and ϕ(2) (r, s) about the
point (r, r). We obtain, for each s, points s1 and s2 lying between r and s for which
we can write
1 (m)
ϕ(m) (r, s) = ϕ∗ (r)(s − r)2 + ϕ222 (r, sm )(s − r)3 ,
(19)
6
for m = 1, 2. Subtracting the two functions gives
1 (1)
(2)
ϕ(1) (r, s) − ϕ(2) (r, s) = {ϕ222 (r, s1 ) − ϕ222 (r, s2 )}(s − r)3 ,
(20)
6
from which it follows that
1
(1)
(2)
|ϕ(1) (r, s) − ϕ(2) (r, s)| ≤ {||ϕ222 || + ||ϕ222 ||}|s − r|3 .
(21)
6
This proves Proposition 4. 
3. Optimal Partition Schemes
In this section we prove some properties of optimal partition schemes. The main
result is that, for such a scheme, the length of the maximum interval varies like
1/K. For this and subsequent discussion, it will be useful to make some deﬁnitions
and introduce some notational conventions.
First, when discussing a partition, we generally use “∆” to represent the length of
a subinterval. For example, in the partition P = {tj }, we will write ∆j = |tj −tj−1 |.
¯ j.
Similarly, the lengths in a second partition P̄K = {t̄j } will be denoted by ∆
−m
Secondly, we make use of the “O” notation. By F (K) = O(K ) we will mean
that K m · F (K) is bounded, i.e., there exists a constant M for which
M
|F (K)| ≤ m .
(22)
K
This bound will always be independent of K; what it does depend on should be
clear from the context.
The following preliminary result will be used in the theorems, but (23) below
will be improved in Proposition 8.
Proposition 5. Let {PK } be an optimal partition scheme for a locally 2nd-order
cost function ϕ for the interval I. Then
(23)
(24)

Φ[PK ] = O(K −1 ),
K


) = O(K −1 ).

(K) 2

(∆j

j=1
(K)

(K)

Consider the strictly uniform partition scheme P̄K = {t̄j }, deﬁned by t̄j =
¯ (K) = (b − a)/K. Employing the constant B from (15), we
a + (b − a)(j/K) and ∆
j
have
K
K
2


¯ (K) )2 = B(b − a) .
Φ[P̄K ] =
ϕ(t̄j−1 , t̄j ) ≤
B (∆
(25)
j
K
j=1
j=1

OPTIMALITY IN MULTI-STAGE OPERATIONS WITH ASYMPTOTICALLY VANISHING COST
7

Since PK is optimal, we must have Φ[PK ] ≤ Φ[P̄K ]. This proves (23). To prove
(24) we employ the constant A in (15) to write
A

(26)

K


(K) 2

(∆j

) ≤ Φ[PK ].

j=1

Now (24) follows from (23), and the proposition is proved. 
The next two theorems are probably the most that we can say in general about
the “uniformity” of an optimal partition scheme. They will be used in subsequent
sections.
Theorem 1. Let {PK } be an optimal partition scheme for a locally 2nd-order cost
function ϕ. Then
K

(27)

(K)

max ∆j
j=1

= O(K −1 ).

Theorem 2. Let {PK } be an optimal partition scheme for a locally 2nd-order cost
function ϕ. Then
(28)

K−1

(K)

(K)

max |∆j+1 − ∆j
j=1

| = O(K −2 ).

For the proof of Theorem 1, choose a particular K and let PK = {tj }. For
simplicity of notation we temporarily supress the mark of K-dependence on tj and
∆j . For any value of j, the total cost in (5) can be written as
(29)

Φ[PK ] = ϕ(tj−1 , tj ) + ϕ(tj , tj+1 ) + · · · ,

where all the terms in the ellipsis are independent of tj . A necessary condition that
PK be optimal is that the derivative of (29) with respect to tj vanish, i.e.,
(30)

ϕ2 (tj−1 , tj ) + ϕ1 (tj , tj+1 ) = 0,

for all 1 ≤ j ≤ K − 1.
Apply Taylor’s theorem to second order to both terms in (30) at the point (tj , tj ).
Then there exist t∗j ∈ [tj−1 , tj ] and t∗∗
j ∈ [tj , tj+1 ] for which
(31)

1
ϕ2 (tj−1 , tj ) = ϕ2 (tj , tj ) − ϕ21 (tj , tj )∆j + ϕ211 (t∗j , tj )∆2j ,
2

1
2
ϕ1 (tj , tj+1 ) = ϕ1 (tj , tj ) + ϕ12 (tj , tj )∆j+1 + ϕ122 (tj , t∗∗
j )∆j+1 .
2
Using Proposition 1 these can be simpliﬁed to
1
ϕ2 (tj−1 , tj ) = 2ϕ∗ (tj )∆j + ϕ211 (t∗j , tj )∆2j ,
(33)
2
(32)

1
2
ϕ1 (tj , tj+1 ) = −2ϕ∗ (tj )∆j+1 + ϕ122 (tj , t∗∗
j )∆j+1 .
2
Adding these two equations and invoking the optimality condition (30), we have


1
2
∆j+1 − ∆j =
(35)
ϕ211 (t∗j , tj )∆2j + ϕ122 (tj , t∗∗
j )∆j+1 .
4 ϕ∗ (tj )

(34)

Let A be the constant in (16) and let M = max {||ϕ211 ||, ||ϕ122 ||}. Then we have
(36)

|∆j+1 − ∆j | ≤

M
(∆2 + ∆2j+1 ).
4A j
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Now for any pair l, m with 1 ≤ l < m ≤ K,we have
(37)

|∆m − ∆l | ≤

m−1


|∆j+1 − ∆j |.

j=l

Combining (36) and (37) gives
(38)

|∆m − ∆l | ≤

m−1
K
M  2
M  2
(∆j+1 + ∆2j ) ≤
∆ .
4A
2A j=1 j
j=l

In particular,
M  2
∆ .
2A j=1 j
K

(39)

∆max ≤ ∆min +

We certainly have ∆min ≤ (b − a)/K. Theorem 1 now follows from (24) of Proposition 5. Now if we apply Theorem 1 to (36), we obtain Theorem 2. 
Proposition 6. Let ϕ(1) and ϕ(2) be locally 2nd-order cost functions with the same
quadratic part. Let {PK } be an optimal partition scheme for a third cost function
ϕ (not necessarily distinct from ϕ(1) and ϕ(2) ). Then
(40)

Φ(1) [PK ] − Φ(2) [PK ] = O(K −2 ).

This proposition is a corollary of Theorem 1 and Proposition 4. Let PK = {tj }.
First write
K

| Φ(1) [PK ] − Φ(2) [PK ] | ≤
(41)
| ϕ(1) (tj−1 , tj ) − ϕ(2) (tj−1 , tj )|.
j=1

Now invoke Proposition 4 to obtain
(42)

| Φ(1) [PK ] − Φ(2) [PK ] | ≤ Q

K


∆3j

j=1

The proposition now follows by applying Theorem 1. Note that Theorem 1 required
the optimality of PK for some locally 2nd-order cost function. 
Proposition 7. Let ϕ(1) and ϕ(2) be locally 2nd-order cost functions with the same
(1)
(2)
quadratic part. Let {PK } and {PK } be optimal partition schemes for ϕ(1) and
ϕ(2) , respectively. Then all four of the numbers
(43)

(1)

(2)

(2)

(1)

Φ(1) [PK ], Φ(1) [PK ], Φ(2) [PK ], Φ(2) [PK ],

are within O(K −2 ) of each other.
By Proposition 6 the statement is true for the two outside terms of (43) as well
as the two inside terms. The rest follow from optimality
(1)

(2)

(2)

(1)

(44)

Φ(1) [PK ] ≤ Φ(1) [PK ],

(45)

Φ(2) [PK ] ≤ Φ(2) [PK ],

and the triangle inequality. 
This proposition will be very useful in the next section, where, for a given cost
function ϕ, we will construct a related cost function ϕ̂ with the same quadratic part
and an optimal partition scheme P̂K for which Φ̂[P̂K ] can be calculated explicitly.
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4. Distance in Parameter Space
The progress parameter t ∈ I = [a, b] is simply a device for coordinatizing the
various stages of completion of the operation under study. In this section we explore
the eﬀect of a smooth “change of coordinates”. Let F be a diﬀeomorphism from
the interval I to some other interval J that preserves the relation “<”. This is
simply an increasing one-to-one map of I onto J in which both F and F −1 are
diﬀerentiable. The map F induces a related map of cost functions. That is, a
locally 2nd-order cost function ϕ on I is associated with a locally 2nd-order cost
function ψ on J by the relation
(46)

ψ(u, u ) = ϕ(F −1 (u), F −1 (u ))

In fact, it is an easy calculation to show that the quadratic parts are related by
(47)

ψ∗ (u) =

ϕ∗ (t)
,
F  (t)2

where t = F −1 (u). This new cost function ψ can be regarded as the same cost
expressed in terms of a new progress parameter (coordinate) u related to the old
coordinate t by u = F (t).
A partition P = {tj } of I is carried over to a partition Q = F (P ) = {F (tj )} of
J. The total costs are identical on corresponding partitions:
(48)

Ψ[Q] = Φ[P ].

It follows that Q is optimal for ψ if and only if P is optimal for ϕ.
¿From (47) we see that if F satisﬁes the diﬀerential equation
(49)

F  (t)2 = ϕ∗ (t),

for t ∈ [a, b], i.e.,
(50)

F (t) =

 t

ϕ∗ (r) dr,

a

then we have
(51)

ψ∗ (u) = 1.

This makes (50) a natural coordinate system for the cost function ϕ. The original
parameter t may be appropriate for the formulation of the problem, e.g., temperature in the example in Section 1, but u = F (t) will be more appropriate for the
analysis of the problem.
¿From the viewpoint of the original parameter space I = [a, b], F provides a
natural measure of “distance” between two parameter values:
 t 
dist(t, t ) = F (t ) − F (t) =
(52)
ϕ∗ (r) dr.
t

For that reason, in connection with the example in Section 1,
 Tb 
Cp (T )
(53)
dT
T
Ta
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has been called the thermodynamic distance between the two temperatures3 .
Let L denote the “length” of I, i.e.,
 b
L=
(54)
ϕ∗ (t) dt,
a

so that L is literally the length of J = [0, L].
There is a special cost function on the space [0, L], namely,
(55)

ψ̂(u, u ) = (u − u)2 .

This function has three important features. First, evidently ψ̂∗ (u) = ψ∗ (u) = 1,
and, for that reason, we expect, in view of Propositions 5 and 6 of the previous
section, that the optimality theory of ψ̂ will be intimately related to that of ψ.
Second, the optimal partition scheme for ψ̂ is unique and can be written down
explicitly. Third, ψ̂ “pulls back” to a cost function ϕ̂ in the space I = [a, b] in such
a way that the connection between ψ̂ and ψ is reﬂected in ϕ̂’s relation to ϕ, the
original function under study. We now develop these connections in detail.
First of all, an optimal partition of J = [0, L] for ψ̂ minimizes the sum of the
squares of the subintervals. It is intuitively clear (and an easy exercise to show)
(K)
that this requires the subintervals to have equal length. Let Q̂K = {ûj } denote
the special uniform partition scheme for the interval J = [0, L] deﬁned by
(56)

(K)

ûj

=j·

L
,
K

for j = 1 to K. This is the optimal partition scheme for ψ̂.
(K)
(K)
The inverse image P̂K = {t̂j } = {F −1 (ûj )} will then be an optimal partition
scheme for the “pull-back” function ϕ̂(t, t ) = ψ̂(F (t), F (t )). We write this out
explicitly using (55) and (50):
 
2
t 
ϕ̂(t, t ) =
(57)
ϕ∗ (r) dr .
t

¿From this, one can readily verify that
(58)

ϕ̂∗ (t) = ϕ∗ (t).
(K)

The scheme P̂K can be computed by using (52). It is the partition t̂j
I = [a, b] deﬁned by
(59)

(K) (K)
dist(t̂j−1 , t̂j )



(K)

t̂j

=
(K)
t̂j−1



ϕ∗ (t) dt =

of

L
.
K

We call P̂K the equal distance partition scheme. It is the optimal partition scheme
for ϕ̂, in view of the remarks surrounding (48). In fact, as in (48), the total cost
√
the thermodynamic context this length actually corresponds (up to a factor of 2) to the
length of the path in the manifold of states equipped with a semi-Riemannian structure. The
Riemannian metric is given by the second derivative matrix of the entropy of the system with
respect to the extensive variables. For a recent review, see [5].
3 In
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functions for ψ̂ and ϕ̂ have the same minimum value for each K:
(60)

Φ̂[P̂K ] = Ψ̂[Q̂K ] =

K

j=1

Using (54) we can write this as
(61)

1
Φ̂[P̂K ] =
K



b



L
K

2

=

L2
.
K

2
ϕ∗ (t) dt

.

a

Now let {PK } be an optimal partition scheme for ϕ. In view of (58) we can
apply Proposition 7 to ϕ̂ and ϕ to obtain
(62)

Φ[PK ] = Φ̂[P̂K ] + O(K −2 ).

Combining this with (61) we have the following corollary of Proposition 7.
Proposition 8. Let ϕ be a locally 2nd-order cost function on I = [a, b] with quadratic part ϕ∗ . Let {PK } be an optimal partition scheme for ϕ. Then
2

b
1
Φ[PK ] =
(63)
ϕ∗ (t) dt + O(K −2 ).
K
a
This can be regarded as a strengthening of (23) in Proposition 5.
We are now ready to describe more precisely the close connection between ψ̂, ψ,
Q̂K and QK ( an optimal partition for ψ). We do that in the next two theorems.
The proofs are rather technical and are deferred to Section 5. However, their
consequences for ϕ̂, ϕ, P̂K and PK are almost immediate and give the content of
Theorems 5 and 6.
Theorem 3. Let ψ be a locally 2nd-order cost function on J with quadratic part
(K)
(K)
ψ∗ = 1. Let QK = {uj } be an optimal partition scheme for ψ. Let Q̂K = {ûj }
be the uniform partition scheme (optimal for ψ̂). Then
K

(K)

ˆ (K) | = O(K −2 ),
−∆
j

(K)

− ûj

(64)

max |∆j

(65)

max |uj

j=1
K

j=1

(K)

| = O(K −1 ),

ˆ (K) = L/K and û(K) = jL/K.)
(Note: If J = [0, L], ∆
j
j
Eq. (64) of Theorem 3 will be used in the proof of Theorem 4.
Theorem 4. Let ψ be a locally 2nd-order cost function on J with quadratic part
(K)
(K)
ψ∗ = 1. Let QK = {uj } be an optimal partition scheme for ψ. Let Q̂K = {ûj }
be the uniform partition scheme (optimal for ψ̂). Then
(66)

Ψ[Q̂K ] − Ψ[QK ] = O(K −3 ).

These two theorems show that if ψ∗ (u) = 1, then the uniform partition scheme
Q̂K is close to any optimal partition scheme, and the (“unhatted!”) total cost
Ψ for Q̂K is very close to the minimum. The next two theorems state that the
equal distance partition scheme P̂K plays the same role for ϕ and Φ, i.e. translate
Theorems 3 and 4 back to the t domain.
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Theorem 5. Let ϕ be a locally 2nd-order cost function on I = [a, b]. Let PK =
(K)
(K)
{tj } be an optimal partition scheme for ϕ. Let P̂K = {t̂j } be the equal distance
scheme deﬁned above. Then
K

(K)

max |t̂j

(67)

j=1

(K)

− tj

| = O(K −1 ).

Theorem 6. Let ϕ be a locally 2nd-order cost function on I = [a, b]. Let PK =
(K)
(K)
{tj } be an optimal partition scheme for ϕ. Let P̂K = {t̂j } be the equal distance
scheme deﬁned above. Then
Φ[P̂K ] − Φ[PK ] = O(K −3 ).

(68)

Theorem 6 is immediate, since the mapping F preserves total costs. Theorem 5
requires a few remarks.
Apply the inequality (16) to ϕ∗ in (52) to obtain the relation
√
√
(69)
A | t − t | ≤ | u − u | ≤ B | t − t |,
for any numbers related by u = F (t) and u = F (t ). This shows that (65) and (67)
are equivalent. 
5. The Case ψ∗ (u) = 1
Proof of Theorem 3: For notational simplicity we suppress the mark of Kdependence on the partition points, i.e., we write QK = {uj }; we also assume
J = [0, L].
The necessary condition for optimality (30) adapted for ψ is
ψ2 (uj−1 , uj ) + ψ1 (uj , uj+1 ) = 0,

(70)

for all 1 ≤ j ≤ K − 1. Apply Taylor’s theorem to third order to each term in (70)
at the point (uj , uj ). There exist u∗j ∈ [uj−1 , uj ] and u∗∗
j ∈ [uj , uj+1 ] for which
(71)

1
1
ψ2 (uj−1 , uj ) = −2∆j + ψ211 (uj , uj )∆2j − ψ2111 (u∗j , uj )∆3j ,
2
6

1
1
3
ψ1 (uj , uj+1 ) = 2∆j+1 + ψ122 (uj , uj )∆2j+1 + ψ1222 (uj , u∗∗
j )∆j+1 .
2
6
Here we have used Proposition 1 adapted to ψ and the fact that ψ∗ = 1 to simplify
the ﬁrst and second derivative terms at the point (uj , uj ). Also note that, by
Theorem 1, the fourth derivative terms can be replaced by O(K −3 ). With that, we
add these two equations and invoke the optimality condition (70) to obtain
(72)

1
1
ψ122 (uj , uj )∆2j+1 + ψ211 (uj , uj )∆2j + O(K −3 ).
4
4
The third derivative terms have to be handled more delicately. This is where
the hypothesis ψ∗ (u) = constant becomes indispensible. From 2 = 2ψ∗ (u) =
−ψ12 (u, u) = −ψ21 (u, u) we obtain
(73)

(74)

∆j+1 − ∆j =

0 = 2ψ∗ (uj ) = −ψ211 (uj , uj ) − ψ122 (uj , uj ).

Now (73) can be rewritten
(75)

∆j+1 − ∆j =

1
ψ122 (uj , uj )(∆2j+1 − ∆2j ) + O(K −3 ).
4
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Factor (∆2j+1 − ∆2j ) = (∆j+1 + ∆j )(∆j+1 − ∆j ). By Theorem 1, (∆j+1 + ∆j ) =
O(K −1 ). By Theorem 2, (∆j+1 − ∆j ) = O(K −2 ). Therefore (∆2j+1 − ∆2j ) =
O(K −3 ). Finally (75) can be written
∆j+1 − ∆j = O(K −3 ).

(76)
For any m and l we have

∆m − ∆l =

(77)

m


(∆j+1 − ∆j ).

j=l

(If l > m the sum must be written a little diﬀerently.) Furthermore,
(78)

ˆ m = ∆m − L/K = ∆m −
∆m − ∆

K
K
1 
1 
∆l =
(∆m − ∆l ).
K
K
l=1

l=1

Now combining (76), (77) and (78), and noting that the sum in (77) has no more
than K terms, we have
ˆ m = O(K −2 ).
∆m − ∆
(79)
This is formula (64) of Theorem 3.
To obtain the second part of the theorem, write
uj − ûj =

(80)

j


ˆ m ).
(∆m − ∆

m=1

Since there are no more than K terms in this sum, (65) follows from (79). 
The proof of Theorem 4 requires a
Lemma 1. Let I be a ﬁnite interval and let f be a C ∞ -function on I × I. Then
there is a constant M > 0 so that for any choice of numbers x1 ≤ y1 ≤ z1 and
x2 ≤ y2 ≤ z2 all belonging to I we have
(81)

|f (x2 , y2 ) − f (x1 , y1 )| ≤ M (|x2 − x1 | + |z2 − z1 | + |z1 − x1 | + |z2 − x2 |).

Apply Taylor’s theorem to f (x2 , y2 ) to ﬁrst order about (x1 , y1 ) to obtain
(82)

f (x2 , y2 ) = f (x1 , y1 ) + f1 (x∗ , y ∗ )(x2 − x1 ) + f2 (x∗ , y ∗ )(y2 − y1 ),

where (x∗ , y ∗ ) is on the line segment joining the point (x1 , y1 ) and (x2 , y2 ). Choose
M =max{||f1 ||, ||f2 ||}, then we have
(83)

|f (x2 , y2 ) − f (x1 , y1 )| ≤ M (|x2 − x1 | + |y2 − y1 |).

Now if y1 = µx1 + (1 − µ)z1 and y2 = λx2 + (1 − λ)z2 we can write
(84)

y2 − y1 = z2 − z1 + µ(z1 − x1 ) − λ(z2 − x2 ),

from which follows
(85)

|y2 − y1 | ≤ |z2 − z1 | + |z1 − x1 | + |z2 − x2 |.

Combining (83) and (85), the lemma is proved. 
We are now ready for the
Proof of Theorem 4: Apply Taylor’s theorem to third order to ψ(uj−1 , uj )
about (uj−1 , uj−1 ) and to ψ(ûj−1 , ûj ) about (ûj−1 , ûj−1 ). There exist points u∗j ∈
[uj−1 , uj ] and û∗j ∈ [ûj−1 , ûj ] for which
(86)

ψ(uj−1 , uj ) = ∆2j + f (uj−1 , u∗j )∆3j ,
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(87)

ˆ 2j + f (ûj−1 , û∗j )∆
ˆ 3j ,
ψ(ûj−1 , ûj ) = ∆

For notational convenience we have introduced f (u, u ) = ψ111 (u, u )/6. Subtract
(86) from (87) and rearrange terms as follows:

(90)

ˆ j (∆
ˆ j − ∆j )
2∆
ˆ j − ∆j )2
− (∆
ˆ 3j − ∆3j )
+ f (uj−1 , u∗j )(∆

(91)

+

(88)

ψ(ûj−1 , ûj ) − ψ(uj−1 , uj )

(89)

=

ˆ 3j .
(f (ûj−1 , û∗j ) − f (uj−1 , u∗j ))∆

We will now show that each of (89), (90) and (91) is O(K −4 ). First, (89) =
ˆ 3 − ∆3 ) =
O(K −4 ) follows immediately from (64) of Theorem 3. Second, factor (∆
j
j
ˆ2 + ∆
ˆ j ∆j + ∆2 ). The ﬁrst factor is O(K −2 ) by Theorem 3 and the
ˆ j − ∆j )(∆
(∆
j
j
second factor is O(K −2 ) by Theorem 1. Thus (90) = O(K −4 ). The term (91) is
the trickiest. Apply Lemma 1 to obtain
ˆ j ).
(92) | f (ûj−1 , û∗j ) − f (uj−1 , u∗j ) | ≤ M (| ûj−1 − uj−1 | + |ûj − uj | + ∆j + ∆
The ﬁrst two terms on the right are O(K −1 ) by (65) of Theorem 3. The second
ˆ 3 = L3 K −3 . Thus, we have (91) is
two terms are O(K −1 ) by Theorem 1. Now ∆
j
−4
O(K ) and (88) can ﬁnally be written
(93)

ˆ j (∆
ˆ j − ∆j ) + O(K −4 ).
ψ(ûj−1 , ûj ) − ψ(uj−1 , uj ) = 2∆

Now sum these equations from j = 1 to K:
(94)

Ψ[Q̂K ] − Ψ[QK ] = 2

K


ˆ j − ∆j ) + O(K −3 ).
ˆ j (∆
∆

j=1

ˆ j = L/K, a constant, and
A quick check shows the sum is identically zero, since ∆
ˆ
both ∆j and ∆j sum to L. This completes the proof of Theorem 4. 
6. Conclusions
In the present paper we have considered the optimal partition schemes of locally
2nd-order cost functions. Under an optimal partition scheme, such cost functions
tend to zero as O(K −1 ). The mesh of the optimal partition also tends to zero as
O(K −1 ).
Our main result concerns a special sequence of partitions that are equidistant,
where distance is deﬁned using the square root of the second derivative of the cost
function [5]. The main theorem is Theorem 6, which states that the diﬀerence
between the values of the cost on the sequence of optimal partitions and on the
sequence of equidistant partitions is order K −3 . This is highly surprising; we approximated the cost function locally to lowest order and ﬁnd that added up over
the K terms for the partition the sum agrees not only to lowest order but to an
extra order which we had no right to expect. A ﬁrst order agreement between the
equidistant partition and the optimal partition is rather straightforward and has
appeared long ago [1]. The second order agreement is much more subtle. In this
regard, we mention that other suggested solutions for an asymptotically optimal
sequence of partitions (ones based on an isoforce principle [6, 7]) do not agree even
to ﬁrst order. Our results further show that the j th points in the equal distance
partition and in the optimal partition match with an error of no more than O(K −1 ).
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Finding an optimal solution for a given ﬁnite K is more diﬃcult than might
ﬁrst be imagined. It is easy to write down necessary conditions for optimality.
They are even recursive in character, suggesting that a simple shooting method can
insure consistency with the boundary requirement tK = b in a numerical solution.
Unfortunately, even for smooth functions ϕ, this problem for ﬁxed ﬁnite K can give
rise to many local minima. The near-optimal (equidistant) partition circumvents
all of the technical diﬃculties of ﬁnding the exact solution, and yet matches the
optimal objective to O(K −3 ).
The implications of these facts for optimally staged thermodynamic processes are
many and will be pursued elsewhere. In particular, they explain the surprisingly
good agreement between the minimal entropy production and the equal thermodynamic distance entropy production found in diabatic distillation columns [8].
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