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1. Introduction

In physics, Markov chains provide a paradigm dynamics for irreversible processes. The applications of Markov chains are
typically via the master equation [1,2], with the transition probability matrix containing the specifics of the system under
investigation. But Markov chains also occur in other fields of science. They are an often used modeling tool with applications
ranging from business [3,4] and sociology [5] to chemistry [6], biology [7], and computer science [8].

Most applications of Markov chains model the states of the chain already as some kind of average over many factors
which cannot be individually controlled. In physical theories based on the master equation, this comes about through coarse
graining often implicitly by defining the states of the Markov chain to be aggregates or, in the mathematical language, lumps
of microstates. Our goal is to analyze the accuracy of such coarse grained models as compared to the exact microscopic
behavior, i.e., to bound the error in the dynamics as predicted by a coarse grained description. Apart from the mathematical
facts [9] we present application areas as well as examples showing the strength of our bounds.

We present the first rigorous proof of a fact that mesoscopic models take for granted. In these approaches, certain sets
of microstates are not resolved in the modeling, but are rather treated as mesostates. One assumes that the mesoscopic
dynamics appropriately models the behavior of the original system, at least on time scales that are large compared to the
time scale of relaxation within one mesostate. While this assumption seems reasonable, it remains unclear to what extent
the dynamics quantitatively mirrors the underlying system dynamics. The rationale behind the mesoscopic approach is to
facilitate calculations with a simplified model as a full microscopic approach is usually beyond technical feasibility.

Our theorem below bounds the error that results from the mesoscopic modeling in terms of the error in one step. It
thereby gives a precise criterion for when and to what extent such an approach is justified.
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2. Relaxation dynamics in complex systems

As an example, consider a complex system characterized by an energy landscape with many local minima [10]. At
sufficiently low temperatures, the relaxation within the basin of one local minimum is fast compared to the time scale
on which the states within this basin communicate with states outside this basin. However, due to energetic barriers, it
can take a very long time to reach the completely relaxed Boltzmann distribution. For such examples, frequent use is made
of dynamics in which the states within one basin are replaced by a single mesostate. Such an approach leads to levels of
complexity which allow an explicit treatment. Typical examples include cluster dynamics [11], the aging behavior of spin
glasses [12,13], proteins [14], and solid state chemistry [15].

In these problems the dynamics is described by the vector of probabilities p = (p1, p2, ..., pi)T, whose components
pi(t) represent the probability that the system is in state i at time t. The dynamics is given in terms of a discrete-time master
equation

p(t + 1) = Gp(t) (m
where G is the transition probability matrix. In the following we assume that the matrix G satisfies detailed balance
G,‘ij = GﬁSi (2)

with the Boltzmann distribution s as its unique stationary distribution. Such an assumption is often used (see for
instance [16] and references therein) and guarantees that G can be symmetrized, a property needed in the derivation below.
We here refrain from discussing possible generalizations.

To analyze the quantitative errors made by a mesoscopic model, we compare its results with the results of a full
microscopic description. Technically the mesoscopic model will also rely on a master equation dynamics, albeit in a much
lower dimensional space. The transition from the microscopic to the mesoscopic is achieved by coarse graining the sets of
states which are close to their internal equilibrium distribution. Often such sets of states can be found empirically by studying
the time evolution of the probability distribution [17,18]. In the mathematical literature the coarse graining procedure is also
known as lumping [19], aggregation [20], or projection [21]. The formal procedure is briefly described in the next section.

3. Coarse graining

Coarse graining the state space is performed by lumping together a number of states. Let §2 be the state space of size I,
and let L C £2 be the subset of size m which is to be lumped—the lumped set. Here we consider only lumping a single set
to facilitate the exposition. The general case has more complicated formulas, but our bounds are equally valid also for this
case. Without loss of generality we number the states such that the elements of L are the first m elements of 2.

When we coarse grain the elements of L into a single mesostate £ we consider transitions into £ to have occurred
whenever the underlying dynamics makes a transition to any state in L. Thus the transition probability from any state to £
is the sum of the transition probabilities from that state to the various states of L. Technically, this is achieved by applying
the (collecting) matrix C with

1 if i=1,jel
Gi=41 if i>1,j=i+m (3)
0 otherwise.
As an illustration, consider a four state system with L = {1, 2}. For that example,
1 1 0 O
cC=(0 0 1 0]. (4)
0 0 0 1

The matrix C also serves to specify the lumped counterpart p = Cp of any probability distribution p.
The transition probabilities out of .£ need a bit more care. Recalling that our approach is predicated on the probabilities
of states in L being approximately locally equilibrated, we average the exiting transition probabilities to any state outside L
using a weighted average over transitions out of states in L. The weights in the average are given by the stationary distribution
restricted to L. This is achieved with the (distributing) matrix D with
5 if iel,j=1
DU:{l if i>m,i=j+m (5)
0 otherwise

where §; = s;/ >, s; is the stationary distribution renormalized such that its entries add to one in the lumped set. For our
four state example,

5, 0 0
% o o
b=10 1 o (6)
0 0 1
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The lumped dynamics then proceeds with transition matrix [22] G = CGD which acts on a probability distribution q(t)
on the lumped states according to the lumped master equation

q(t + 1) = Gq(t). ™)

Note that in general q(t) # p(t). This master equation has the distribution § = Cs as its stationary distribution [22,23]. In
order to prove this we find by direct calculation that

55 00
SRR ®
0 0 0 1
Thus the action of DC on the stationary distribution is given by
DCs =ss. (9)
Multiplying (9) by CG we have
CGDCs = CGs (10)
GCs = Cs (11)

where we used the definition of G on the left side and the fact that s is the stationary distribution of G on the right hand side.
Thus § = Cs is the stationary distribution of G.

We assume that G is indecomposable, else we could do two (or more) separate problems. This assumption along with
detailed balance guarantees that s is the unique stationary distribution of G and it then follows that § is the unique stationary
distribution of G, which also satisfies detailed balance [24].

The t step dynamics for the lumped master equation does however not mimic the true dynamics of the system,
ie, Gt = (CGD)! is not close in general to CG'D. The underlying reason is of course that the elements in L are not sufficiently
equilibrated. As discussed later giving the system more time to establish a partial equilibrium is helpful in that respect, and
thus we introduce the long time transitions matrix

A=GN (12)
and rescale our time to proceed in units of N so
p(n+ 1) = Ap(n). (13)

4. Operator norms

We seek conditions which guarantee that the coarse graining of the state space does not introduce overly large errors in
the subsequent dynamics. To measure the error in a way that applies to arbitrary initial states, we use an operator norm || - ||
applied directly to the time propagation operators. The operator norm we choose is induced by vector norms for probability
distributions, both lumped and unlumped. Before introducing our norms, we review some relevant facts.

Fact 1. Given a vector space V and a norm || - ||, on V, the induced operator norm for operators f : V — V is defined by
Iflle = max |Ifvlle. (14)

veV, flvfla=1

The implication of this definition is that the induced norm || - ||, on operators is submultiplicative, i.e., it satisfies

Ifvlle < IIfllallvila (15)
and thus also
Ifif2lla < Nfillallf2lla (16)

where f; and f, are any two operators V. — V.

Fact 2. Given two vector spaces V and W with norms || - || and || - || respectively, the induced operator norm for operators
g : V. — W is defined by

lgllap = max [lgvllp. (17)

veV. [vfla=1

The implication of this definition is that the induced norm || - |4 on operators is submultiplicative, i.e., it satisfies

lgvllo < ligllavllvlla (18)
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and thus also

& llap < llgllapIf lla (19)

where f and g are any two operators V — V and V — W respectively.
The norm || - ||s we choose to use on the space of (unlumped) probability distributions is defined by

Iplls = IUpll> = /Zp%/si, (20)

where U = diag(s}/ 2, e 5,1/ 2). U is in fact the change of basis matrix which makes our transition matrix symmetric. The

representation of our Markov chain in this basis and the subsequent use of this norm is rather frequent in various physical
contexts [ 1,20]. The consequences of using this norm for probability distributions is that the induced operator norm becomes

[Alls = max [Av]s = max [|[UAU'Uv], (21)
llvlls<1 luvlz=1
= max [UAU™"wll; = JUAU |2 (22)
wlz=<

Thus for any operator A sending (unlumped) probability distributions to (unlumped) probability distributions with UAU !
being symmetric,
lAlls = max |A]. (23)

A an eigenvalue of A

For our space of lumped distributions, we use the ordinary 2 norm. The resulting mixed norm || - || satisfies

Ifllzs = max |Ifvllz < max [[fv]lz = [Ifll2, (24)

lvlls=1 lvll2=1

where we have made use of the fact that ||v||s > ||v]l; and thus ||v||s < 1 implies that ||v], < 1.

Thus for example for the matrix product CA®p, we have

ICADIl < IICIaslIAIS RIS < ICI2 AN IPIS. (25)

5. Error bounds

Our theorem bounds the error in an n step process in terms of the error in a single step. Consider an initial distribution
Po- One step with the non-lumped dynamics is just Apg, but this lives in a higher dimensional space than CADCp,, which is
a single step with the lumped dynamics, applied to the lumped initial state Cpo. In order to compare both we bring Apg to
the lumped space by using the collecting matrix C. Thus the error of one step in the lumped space is || CADCpy — CApo|| =
IC(ADC — A)pg||. By omitting the last collecting step a comparison in the non-lumped space is obtained and thus in terms
of the operator norm we introduce

8 = ||ADC — Alls = |B — Alls (26)

as the single-step lumping-error. We see that the matrix ADC — A is a measure of the deviation between the dynamics
represented by A and the dynamics which results by collecting and redistributing the total probability within L before
applying the dynamic matrix A. Since the matrix B = ADC plays a prominent role in the derivation below, it is convenient
to give it a name: the locally equilibrated transition probability matrix.

The error in the lumped space for an n-step process is

[[(CAD)"Cpo — CA"pol| = ||CADCAD - - - DCpy — CA"po|
= [[C((ADC)" — AMpoll, (27)
or equivalently in the non-lumped space and in terms of the matrix norm ||(ADC)" — A"||s, which is addressed as the n-step
lumping-error. Technically our aim is now to prove
[(ADC)" — A™||s < K(n)8 (28)

for some appropriately chosen K (n).
To proceed further, we examine the general form of the difference in the nth power of two stochastic matrices A and B.
The relevance to the calculation above is for B = ADC.

[[B" — A" (29)
= [[(B—AB"" +AB" — A" (30)
= [(B—A)B"' +A(B—AB" > +AB"* — A" )| (31)
= |[((B—A)B" ' + A(B— A)B" 2 4+ A2(B"2 — A"?)]. (32)
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Iterating, we find

n—1
IB" — A" = | > A*(B— A)B (33)
k=0
n—1
< > lA*B - AB| (34)
k=0
= bo(n). (35)

While not really useful from a practical point of view, the bound bg is a good starting point for the more useful bounds we
present below.

We now note that Bs = s follows directly from (9) and As = s, and thus A and B share a common stationary distribution.
The key factor for our proof is the representation for the matrices A and B which follows from that fact. To obtain this
representation, consider the underlying probability space. This space can be decomposed into a one dimensional subspace
spanned by the stationary distribution s and a complementary subspace

0|

U is an invariant subspace of A. This follows from the fact that the columns of A sum to one, which can be interpreted as

1
in=(1,1,...,1)x=0 . (36)
i=1

saying that the row vector (1, 1, ..., 1) is a left eigenvector of A with eigenvalue one, i.e.,
1,1,...,D)=(@1,1,..., DA. (37)
Multiplying on the right by a vector x € U, we see that
0=(1,1,...,DHx=(1,1,..., DAx (38)
and thus Ax is in U.
It follows that relative to a basis {s, v,, ..., v}, where v; are chosen from U, the matrix of A takes the form
11 0
A=K (0 AJ_) K, (39)
where K is the matrix facilitating the basis change, and A, is a matrix acting on the space spanned by {v, . .., v;}. Since we
used only the fact that A is a stochastic matrix with unique stationary distribution s, the same basis also puts B into the form
1 (1 0
B=K (0 BL) K. (40)
Let
= ,1(0 0 = ,1(0 0
A =K (0 AL K. BL=K"(, B, K. (41)
Matrix calculation then leads directly to
A¥(B — A)B" ! (42)
4(1 O 0 0 1 0
_ 1
S RE 0 %) i)
0 0
_ -1
=K (0 A’j_(BJ_ —AL)B"[]_k) K (44)
= A (B, —A )BT (45)

Note that due to (23) lALlls = |A2], where A, is the eigenvalue of A with second largest modulus. This is not so for ||I§L_||s,
as B, need not be symmetric. We can however bound ||B_ ||s by || as follows. First we note that fromB —A =B — A,
follows B, = B—(A—A,); furthermore, as (A—A, ) projects onto the subspace spanned by s, we have (A—A,) = (A—A,)DC.
Then

IBL|ls = IADC — (A —AL)|ls (46)
= ||ADC — (A —A,)DC|s (47)
= |[(A—A+A)DC| (48)
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= |ALDC]s (49)
< [IALsIIDC]s (50)
= |22l, (51)
where we used that UDCU ™! is symmetric with largest eigenvalue 1.
It follows that
IA“(B — A)B"*!ls = A (BL — AL)BT [l < 2" 6. (52)
Using this and summing we have
n—1 _ _ B B
bo(n) < Y IALIIBL — A [IBLIF* (53)
k=0
n—1 _ B
=Y IALIFIBLIZ 6 = bi(n) (54)
k=0
< |22|""'n 8 = by(n). (55)

Finally we note that one can obtain an n-independent bound from (53) by calculating the maximum of (55) as a function
of n:

-1
= 8’
[A2]eIn(|A2])
where e is the base of the natural logarithm.

From a general point of view we expect that the above results should be transferable to continuous-time Markov
processes, and indeed results similar in spirit have been already obtained [25].

bs (56)

6. Applications

The strength of the bounds introduced rests with the ability to find a small § in the first place. While a thorough discussion
would go beyond the scope of this presentation, we note that based on (26) § = ||JADC — A||s; = ||GNDC — GV||; can be made
arbitrarily small by taking N sufficiently large. This is due to the fact that G¥DC and G" have the same stationary distribution.
In many applications there are however subsets in state space which are close to local equilibrium at a much earlier time.
Coarse graining these will lead to small §’s. A careful study of the eigenvectors of G would provide the necessary information
needed, but the art of clever coarse graining might as well rest on a physical intuition of the relaxation process. For instance,
in the relaxation dynamics on energy landscapes, the basins around local minima are good candidates for coarse graining.

6.1. Example: energy landscapes

To illustrate coarse graining and the resulting errors in the dynamics we present a caricature example of the thermal
relaxation of a complex system. The relaxation dynamics is described by a Markov process with Metropolis transition rates.
The energy landscape on which the relaxation takes place consists of only 4 states, which are connected as a line. States 1
and 2 are one local minimum, and state 4 another. These state space regions (basins) are dynamically separated by state
3, which represents an energy barrier. Its height is 1 in units of kgT viewed from state 4 and 2 viewed from state 2. This
becomes apparent in the transition probability matrix

0.5 0.5 0 0
05 05(1—e%) 05 0

6=y 0.5¢72 0 0.5¢7! (57)
0 0 05 1—0.5¢e"

Matrix G has eigenvalues (1., 0.8989, —0.2078, 0.0573) in decreasing order of their absolute size. In this example we expect
that due to the energy barrier at state 3 states (1, 2) will equilibrate faster than any other pair of states. This is made evident
in Table 1, which shows the initial § for different sets L and for A = G’ and for A = G. Consequently, we lump states (1, 2).

The resulting collecting matrix is the one given in (4). The stationary distribution of G is s = (0.3995, 0.3995, 0.0541,
0.1470)7, which leads to the distributing matrix

05 0 O
05 0 O

D= o 1 ol (58)
0 0 1
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Table 1

Our bound for the error in coarse grained dynamics is proportional
to the initial error 6. The table shows values of § for different choices
of the set L to be lumped and for different time scales. The times
scales are set by using the dynamical matrix A = G". The effect of
choosing N = 1and N = 5 is shown.

setL  {1,2} 1,3y (1,4 (2.3} (2.4 (3.4
G38 0.0286 0200 0539 0.186 0518 0.145
G's 0.1390 0333 0830 0340 0794 0276

0.1
L G
~m
0.01} =
Celtee,
S o ) &
£ L B
£ 0001 o L
g S\S\S T -
8‘ 107 = Tm
3 EN =
1= e
107° s
\3\8\&
1076 : : : s
5 10 15 20

n

Fig. 1. The n-step lumping-error (open squares), i.e. the deviation between full and coarse grained descriptions, as well as bound b, (full squares) are
shown as a function of time. Note that the bound increases only in the second step but decreases thereafter. The two curves are asymptotically parallel
indicating that the bound follows the deviation with a fixed ratio.

Using matrices C and D we can lump A = G

0.9662 0.5 0
CAD=(0.0338 0 0.1839 (59)
0 0.5 0.8161

which has eigenvalues (1., 0.8967, —0.1145). We also determine the locally equilibrated transition probability matrix

0.5 0.5 0 0
0.4662 0.4662 0.5 0
B=ADC=140338 00338 0 0.1839 (60)

0 0 0.5 0.8161

which has the eigenvalues (1., 0.8967, —0.1145, 0).

While for A = G the corresponding § = 0.139 is quite large, it is much smaller for A = G° as explained above. Thus in
the following we use A = G° in our example system and we compute the quantity ||(A" — B")||; as well as its bound b, (1).
Fig. 1 shows these as a function of time n.

For longer times, bound b, () decreases with n, even though the initial increase leads to some loss in bounding efficiency.
InFig. 1 one sees that both bounds asymptotically decay with the second largest eigenvalue of A. For the initial error of 0.0286
the bounds are highly efficient. Already at the second step bound b, (2) uniformly limits the maximum subsequent error to
less than 0.035. We note that b3 = § % 1.1762 = 0.0337, thus the errors are limited to about a 20% increase against the
initial error.

6.2. Example: random matrices

In order to illustrate the strength of our bounds we present an application to random transition matrices, for which we
analyzed the error due to coarse graining.

We created random matrices of dimension 20 with elements chosen to be either zero with probability 1/2 or a random
number from a uniform distribution on [0, 1]. These matrices were symmetrized by adding their respective transpose, and
thereafter they were column-normalized. For these matrices the first five states were lumped. We studied ensembles of
50 matrices and determined the mean value of ||A" — B"| as well as of the bounds and the respective standard deviations.
Fig. 2 shows the deviation between lumped and non-lumped description and bound b,(n) as a function of time n. The
surprising result is that already for n = 2 the deviation is smaller than the initial value, which shows the strength of the
bound obtained. Table 2 gives the error bars on the average values shown in Fig. 2.
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0.1¢
-\;l\;' .
0.01} o g
N
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<] h N
S 0.001%
o N ‘\l\
g B\S\S " a
[+ L 8
1074} ™
§ 1° s
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5 10 15 20
n

Fig. 2. This figure shows the results for our computation of random 20 x 20 transition probability matrices. The deviation between full and coarse grained
descriptions (n-step lumping-error, open squares) as well as bound b, (full squares) are displayed as a function of time. We lump 5 random states out of
the 20 states. Interestingly, the bound decreases monotonically and follows the deviation between full and coarse grained dynamics closely.

Table 2
Mean values and standard deviations of the data shown in Fig. 2.
n A" =B"ls by ()
2 0.0936 £0.0184 0.199 +0.0311
4 0.0142 £ 0.00483 0.0583 £ 0.0167
6 0.00227 £0.00116 0.0131 +£ 0.00569
8 0.000369 + 0.000253 0.00267 £+ 0.00159

7. Conclusions

We conclude by noting the implications of our calculations for the original problem with stochastic matrix G. Since
A = GV, the larger we take N, the smaller our initial deviation §. This is further helped by the fact that

Aa(A) = 12(G)". (61)

Thus the larger we choose N, the smaller the value of both § and A, = X,(A) in (55) and (56). Thus we have shown that
on sufficiently large time scales, the error in coarse graining a master equation can be made arbitrarily small. Although
our discussion was entirely in terms of a single lump of states, the calculation is valid mutatis mutandis for simultaneously
lumping many groups of states. This merely makes the notation in the definitions of the collecting and distributing operators
C and D more complicated.

While the above examples provide already considerable insight in the strength of the bounds discussed, we note that
under certain circumstances it can happen, that A and ADC have the same second largest eigenvalue and thus ADC — A lies
in an even smaller subspace such that the spectral norms of A and ADC restricted to this subspace become even smaller.

Of course, the question remains open, whether even more stringent bounds can be obtained. It seems to us that especially
the problem under which circumstances small initial errors § can be expected is an important next step, as is the analysis
of how to select good candidates for subsets to be lumped.
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