Math 151
Group Final (Fall 2007)
Solutions

1. We set u = arctan (z/4) and dv = dx so that
1 1 4
du 15 22/16 <4)dz 16+$2d$an v=2

Thus,

/arctan (%) dr = /udv = uvf/vdu

T 4
arctan (Z) (x) — /x (W) dx
= gxarctan (2) —4/ﬁdw.

In order to evaluate the integral on the RHS, we set w = 16 + 22 so that dw = 2x. Thus,

x 11 1 1 )
/7dx—2/wdw—2ln(|w|)—21n(16+x).

16 + 22
Therefore,
/arctan (%) dr = wxarctan (E) 74/ﬁd1’
= garctan (%) —2In (16 + 27)..
2.
z—17 Tz —17 A n B
2+x—12 (v+4)(x—-3) x+4 x-3
<
x—17T=A(x—-3)+ B(z+4).
Set x = —4:
21 =—-T7TA= A=3.
Set x = 3:
—14=7B= B = -2.
Thus,
s-17 3 2
24+z—-12 z4+4 -3
Therefore,

z— 17

3. We set u =z and dv = cos (mz) so that

du =dz and v = /cos (rz)de = 1 sin (7x) .
T



Thus,

/wcos(wx)dx:/udv - uv—/vdu
. (%Sin (m)) - / (%sin (mn)) da

1 . 1
—sin (mx) + — cos (rx).

4.
a) The integral is improper since

1
r—3+ (ZC _ 3)2/3

b) We set u = 2 — 3 so that du = dz. Thus, for any e such that 0 < e < 1,

4 1 1 1
/ 72/3dx = / w2 3du = 3u/3| =3 —31/3.
3+ (i[,’ — 3) 5

€

Therefore,
4
1
lim / —— e = lim (3-31/%) =3,
€0+ J34e (. — 3) e—0+

Thus, the given improper integral converges and

4 1
———dx = 3.
/3 (x —3)%/?

5. We have ! ]
0< =< — = —;,
Vit 1 Vzt a?
and

<1
1 :I/.

converges. Therefore, the given integral converges as well.

6. The length of the graph is
1 \/ d 2 1
/ 1+ (— cosh (x)) dz / \/1+ sinh? (z)dz
0 dzx 0
1
= / \/cosh? (z)dx
0
1

= / cosh (z) dx

0

= sinh (ac)|(1]

= sinh(1) =

(e — e_l) .

N —



7. We have
dy 1 1

dat 3t

Thus, the integrating factor is

exp (—é/%dt) = exp (-%m (t)) = (exp (Int))/* = ¢71/3,

Thus,
dy 1 1
R TC A VL N (L DO PR
it 3t )Y 73
- d 1 1
_ Y _ _
" 1/3%_525 4f3y — _Z4=1/3
- d 1
2 (-3 ) — 1413
dt( Y 3
- 1/3
By ) =—< (223 ) +C
y(t)=-3 (2 +
- 1
y(t):—§t+Ct1/3
We have L 1 9
N=4ed4=—+CcC=4+-=-.
y(1) 5 T t35=3
Therefore,
y(t):—1t+gt1/3
2 2
8.
1 dy 1 dy
—=1 = —dzr = [ 1d
y2+1dzx /yQ—i—ld:lcx / .
1
= dy =z +C
/y2+1 y=x+
= arctan(y) =z +C
= y(z)=tan(z+C).
We have

y(%):O@taH(%JrC) =0.

We can set C = —7/4. (any integer multiple of 7 may be aded). Thus,

y(x)ztan(w—%).



0 ¢ ¢ ¢ i
b 2 /6 T 3n/2 2n
theta

10. We have y \ Un ) )
nlirrgo(ﬁ) :n1LI&W:I:2>1.

The series diverges.by the root test.

11.We have

("

2l mrl o mil
and e > 1/n? converges. Therefore, the given series converges absolutely.
12. We have
‘(1)" L
lim ntl

Sl (G Vi TR

(z —1)"*

= o =1 lim_ (%) = |z —1].

Therefore, the series converges if |x — 1| < 1 and diverges if |# — 1| > 1. Thus, the radius
of convergence of the series is 1 and the open interval of convergence is (0, 2).



13. We have

f(l') = 3;2/37 f/ (LL') — 251;—1/37 f// (LL') _ —z$_4/3, f(S) (.’L‘) _ §$_7/3.

3 9 27
Thus, ) ) <
_ ’ _Z g —_2 13 - =2
F=1 rm=2 rm=-2 on=2
Therefore,
@) = FO+ 0@ -1+ 58 0 =1+ 57O 1) =1+
_ 1—|—§(x—1)—%(m—l)Q—F%(aH—l)S—I—---



