Last Name:
First Name:
Instructor:

Math 151
Group Final (Fall 2008)

You are not allowed to use notes, books, calculators, personal stereos or cell
phones.

You have exactly two hours.

Write clearly so that you can avoid mistakes and count on partial credits.
Carry out the obvious simplifications so that you can display your answers in
an easily readable manner.

The following list is for the recording of the points only. Do not write your
answers on this page.

Points
o1 /6
o2 /6
e 3 /8
o4 /8
o5 /8
e 6 /8
o7 /8
e 8 /8
) /10
e 10 /6
e 11 /8
e 12 /8
e 13 /8

Total: /100



1 (6 pts.) Evaluate

/:c sinh (2z) dzx



2 (6 pts.) Evaluate

/ x + 22
—— dx
2 4+ 22 — 8



3 (8 pts.) Evaluate
V2
/ de.
0

Hints:

1) Make use of the definite integral version of the substitution rule.
2)

/Sin2(u)du = g_w7
u
2

/cos2 (u)du = M

" 2



4
a) (4 pts.) Evaluate

b) (4 pts.) Determine whether the improper integral

1
/ In (256) dx
0 m

converge or diverges, and its value in case it converges.




5 (8 pts.) Use a comparison test to determine whether the improper integral

/ e~ cos? (10x) dx
0

converges or diverges. In case of convergence, you need to calculate the value of the
improper integral that serves as a basis for comparison.



6 (8 pts.) Use the method of disks to calculate the volume of the solid that is obtained
by revolving the region between the graph of

1
V1+a?

and the interval [0,1] about the horizontal axis.

f(z) =



7.
a) (6 pts.) Use the technique of an integrating factor to find the general solution of the
differential equaton

dy  y(t)

g = ¢ e
(Assume that ¢ > 0).

a) (2 pts.) Find the solution of the initial value problem

B VO | costr), y(m/2) =1



8.
a) (6 pts.) Find the general solution of the differential equation

@ B 3ac2y2

de 1+ 23

b) (2 pts.) Find the solution of the initial value problem

d7y B 3m2y2



9. Let
r=f(0)=1—sin(6).

a) (2 pts.) Sketch the graph of r = f (6) in the Cartesian fr-plane on the interval [0, 27].
Indicate the values of @ at which f(f) = 0 and the points at which f attains a local
maximum or minimum value.

b) (8 pts.) Sketch the graph of r = f (6), where 0 < § < 27, as a polar equation in the
xy-plane (i.e., z = rcos(0), y = rsin (9)).
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10 (6 pts.) Determine whether the infinite series

> 9n
>
n=1

converges or diverges.

11



11 (8 pts.) Determine whether the infinite series

converges absolutely, converges conditionally or diverges

12



12 (8 pts.) Determine the radius of convergence and the open interval of convergence of
the power series

S ()" jﬁ (@ — 4"

(You need not investigate the series at the endpoints of the interval).
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13 (8 pts.) Let
f (z) = arctan (z) .
Determine the part of the Taylor series for f in powers of x up to the term that is a

multiple of z°.
Hint:

“d
arctan (x) = / — arctan (t) dt.
o dt
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Solutions

1. We set u = x and dv = sinh (2z) dz so that

Thus,

We set © = —4:

We set £ =2:

Thus,

Therefore,

2+ 22— 8

1
du =dx and v = /Sinh (2z) dx = 3 cosh (2z).

/xsinh(?x) de = /udv

uv — /vdu
1 1
x <2 cosh (290)) —5 /cosh (2z) dx

1
= gcosh (2z) — 1 sinh (2z)

a+2 _ o422 _ A B
24+2x -8 (z+4)(z—2) z+4 x-2

r+22=A(x—-2)+B(z+4).
18=—-6A=A=-3.

24 =6B=B=4.

c42 3 4
2242—-8  x+4 -2

22
TE2 e = 3ln(jw+4)) +4ln (e —2)) +C.
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3. We set "
x = 2sin (u) < u = arcsin (5) .

Therefore,
V4 — 22 = \/4 — 4sin? (u) = 2cos (u) and dz = 2cos (u) du
Thus,
V2 arcsin(ﬁ/Q)
/ V4 —ax?dx = / 2cos (u) (2cosu) du
0 arcsin(0)
/4
= 4/ cos? (u) du
0
Y sin (u) cos (u) /4
2 2 o
T 1
- 4(Zi2) =24
(8 4) 2t
4.

a) We set u = In (z) and dv = = 2dz so that
1 -2
du=—drandv= [ 27 %dex = ——
x x

Thus,

/ln (x) %dm = /udv

= uv —ovdu

B In (x) / 1
= + —zdx
= lng(jx) — % = (In(z)+1)

b) If 0 < ¢ < 1 then

/1 ln(x)dxz —% (In(x)+1)

2

1

1
=—1+g(ln(5)+1).

€

Therefore,

lim /81 lnx(zx) dx = lim (—1 + é (In(e) + 1)) = —00.

e—0+ e—0+

Therefore, the given integral diverges.
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5. We have
0 < e ®cos®(10z) < e ™.

Furthermore.
(o] b
/ e Pdr=1im | e ®dzr = lim (—e’”|g)
0 b—0 0 b—o0
= lim —e_b+1) =1
b—oo

Therefore, the given integral converges as well.

6. The volume is

1
1
71'/0 1+z2dm = 77(arctan(m)|(1)>

7 (arctan (1) — arctan (0)) = T

4
7.
a) We have
dy y(t) _
o + " = cos ().
The integrating factor is .
o Fdt — () _
Thus,
dy
ta +y(t) =tcos(t)
= d
7 (ty (t)) =tcos(t) & ty (t) = /tcos (t) dt.
We have
/tcos (t)dt = cos (t) + tsin(t) + C
Thus,
ty (t) = cos (t) + tsin () + C
“ 1 C
y(t) = 7 cos (t) + sin (t) + T
b)
2 m L (T 2C
y(r/2)=4 & 4= — cos (5) + sin (§> +—
2
& 4=1+ 2 = C= s
™ 2
Therefore,
1 . 3m
y(t) = 7 co8 (t) + sin (t) + %
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dy_3362y2 N 1dy 322
de 14 a3 y2dr 1423

1 dy 3z
~ Yy = d
= /deas v /1—}—3:3 v

1
= /?dyzln(1+x3)+0

Y pp——
S Y R Y
b) We have
0)=2«< é—%:) l—2<:>C— L
Y\ = ) +C c - Y
Therefore,
1
y(z)=— 5 1
In (1 - =
n(l+2%) -3
9.
a)
2p
theta
b)
10.
2n+1
N2 2
(1) n \"_
e =R ) T
n?
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Therefore the series diverges.

11. We set 1
u=1In(z), so that du = —dx.
x
Therefore,
b In(b) In(b)
1 1 1 1
dx:/ uidu = —= = — +
/2 z (In (z))” In(2) Ulin(2) In(b)  In(2)
Thus,
li b d 1 ( + ! ) L
1m T = 11m — =
b—oo o z(In(z))? —oo\ In(b) In(2)) 1In(2)
Since . .
/ sdw
2 z(ln(z))
converges, so does
>
n=2 n (ln (n))Z

Therefore, the given series converges absolutely.

12. We have
on 1/n
nli)n;o’(—l) .Y (x —4) :|$_4‘nh—>n<ioW:2|x_4|<l
if 1
|z — 4| < =.

2

Therefore the radius of convergence of the series is 1/2. The open interval of convergence

: 1 1 79
4—-44-)=(=2).
(1-34+3)=(55)

13. We have
D oretan () = —1 = 14 () 4 (2P 4 (-2)P 4 (—) 4
dt 1+ ¢2
= 124+t 1048 ...
Therefore,
“d ¢ 2, 44 46 8
arctan () = %arctan(t)dt = (1t +t* =t + %4 )dt
0 0

1 1 1 1
x—§x3+3x5—?x7+§x9+---
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