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1 Introduction

Nonunique factorization theory studies the arithmetic properties of commu-
tative, cancellative monoids and domains, where unique factorization fails to
hold. For a general reference see any of [1,2,12]. One large class of such monoids
are multiplicative submonoids of the natural numbers. This is quite broad
in general, but a particular subclass called arithmetic congruence monoids
(ACM’s) have received considerable attention recently [4,6-10,16]. These ACM
results are surveyed in the forthcoming [2]. The present work considers a gen-
eralization of ACM’s, still contained within the natural numbers, called con-
gruence monoids (CM’s). The arithmetic properties of ACM’s are fairly well-
understood, and our intention is to determine these properties for CM’s. Some
previous results concerning CM’s may be found in [5,13,15]. More generally,
congruence monoids in Dedekind domains have been investigated in [11,14].

Let N denote the set of positive integers, Ny denote the set of nonnegative
integers, and P denote the set of rational primes. Let us fix n € N, and let [-],,
denote the natural epimorphism from N to Z/nZ. Let I' C N be nonempty, and
set [[n = {[z]n : x € I'} CZ/nZ. We define I, = {z € N: [z],, € [[],}U{1}.
If [I'],, is multiplicatively closed, then I, is a multiplicative submonoid of N
and we call I, a congruence monoid (CM). CM’s were first introduced in [13],
wherein they were called arithmetical congruence semigroups.

An arithmetic congruence monoid (ACM) is a congruence monoid with the
added restriction that || = 1. They are commonly written as M, ,,, where
I' = {a}. The ACM’s of the special type M, , = {1} UnN are of particular
interest to us in the sequel, so we shall denote them more compactly as M (n).
The arithmetic properties of ACM M, ,, are categorized broadly as follows. If
ged(a,n) = 1, then in fact @ = 1 and the ACM is called regular. Otherwise,
the ACM is called singular. Singular ACM’s are further subdivided based on
whether ged(a,n) is a prime power (called local ACM’s), or otherwise (called
global ACM’s).

We now need to define various tools from the theory of nonunique fac-
torization. For a full introduction, see the monograph [12]. For monoid M,
let M* denote its units and M*® denote its nonunits. We call M reduced if
|[M*| =1. We call x € M*® irreducible if it cannot be expressed as the product
of two nonunits. We denote the set of all irreducibles of M by A(M). Given
x € M*®, we call 125 - -z a factorization of x if each term is irreducible and
their product is . Monoid M is atomic if every x € M*® has at least one fac-
torization; all congruence monoids are reduced and atomic, being submonoids
of N. We call z € M*® prime if z|ab (in M) implies either z|a (in M) or z|b (in
M). It is a standard result that every prime is irreducible; we call M factorial
if every irreducible is prime.

Several important invariants are concerned with the quantity of irreducibles
into which an element may be factored. For x € M*®, let L(x) denote the max-
imum number of irreducibles in a factorization of x (in our context always
finite), and let {(z) denote the minimum number of irreducibles in a factor-

ization of x. Let p(x) = ﬁ(j)), called the elasticity of x. The elasticity of M is
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defined as p(M) = sup{p(z) : x € M*}. If p(M) =1 we call M half-factorial;
at the other extreme we can have p(M) = co. If there is some = € M*® such
that p(x) = p(M), we say that the elasticity of M is accepted. If for every
rational ¢ € [1, p(M)), there is some x4 € M*® with p(z4) = g, we say that the
elasticity of M is full, or M is fully elastic.

For general commutative, cancellative, reduced, atomic monoids M, N and
monoid homomorphism o : M — N, we call o a transfer homomorphism if

— o(xz) € N* if and only if x € M*,

— 0 is surjective, and

— If x € M and there are a,b € N such that o(xz) = ab, then there are
2,z € M such that z = 2’2", o(2') = a, and o(z”) = b.

In particular, transfer homomorphisms preserve lengths; they are a common
tool used in nonunique factorization theory, because the elasticity-related in-
variants for M coincide with those for V.

We now begin our study of congruence monoids with several classifying
definitions. These are motivated in part by the following lemma.

Lemma 1 Let I, be a congruence monoid, and x,y € I,. Suppose that [z],, =
[¥ln- Then ged(z,n) = ged(y, n).

Proof We have x = y + kn for some k € Z. Because ged(z,n) divides x and
n, ged(z,n) also divides y and hence ged(y, n). Reversing the roles of x,y we
have ged(y, n) divides ged(z, n) and the result follows. O

The structure of ACM M, ,, varies substantially depending on the invariant
ged(a, n). Similarly, the CM structure varies depending on two invariants, u, d,
as defined below. For particular n and I', we factor n = ur, choosing r to be
maximal such that ged(r,g) = 1 for all g € I'. We call r the pRivate part of n,
and u the pUblic part of n, and observe that ged(u,r) = 1. Analogously, we
call (rational) primes dividing r private primes, and primes dividing u public
primes. Note that all primes dividing n are either private or public, but not
both; also, for each public prime p there is some g € I" with p|g. We call those
rational primes that are neither public nor private external primes.

If u = 1 we call I}, regular; in this case each g € I" satisfies ged(g,n) = 1.
If ged(g,n) = 1 for at least one g € I'" we call I, weakly regular. When |I'| = 1
these notions coincide, and agree with the established definition of regular
ACM’s.

We now define a related invariant d = ged(I" U {n}). Note that d|u and
hence 1 < d < u. In particular if I, is regular then u = d = 1. If [}, is weakly
regular then d = 1. The converse need not hold; for example I" = {3,4,6} with
n = 6 has d = 1 but is not weakly regular.

If d = v we call I, a J-monoid. J-monoids are the closest direct general-
ization of ACM’s; results for J-monoids are often similar to those for ACM’s.
If d > 1 we call I, singular. If d > 1 and u is a prime power, then we call
I',, local. These generalize the established definitions for singular and local
ACM’s. We call I, semi-regular if it is weakly regular but not a J-monoid.
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In particular, if I}, is semi-regular then 1 = d < u. Hence all weakly regular
CM’s are either regular or semi-regular. Since ACM’s are J-monoids, they are
never semi-regular.

For p € Pand « € N, let v,(z) denote the largest power of p that divides «
(as integers). By ¢(z) we denote the Euler totient. By a|b we mean a divides
b as integers; if a,b are also members of a monoid, we will establish g in the
monoid separately. For r € N, we let 7 = {s € N: ged(s,r) = 1}.

The sequel contains the following results. First we recall that regular CM’s
are equivalent to other well-understood monoids, which largely determines
their arithmetic properties. For all CM’s, the presence of primes is character-
ized completely. For local J-monoids we compute elasticity, characterize half-
factoriality, and in some cases determine accepted and full elasticity. More
generally for singular J-monoids we present several transfer homomorphisms.
For all local CM’s, we have both an exact computation of elasticity (which is
always finite) as well as several bounds using different invariants. Most gen-
erally, we determine whether elasticity is finite for many CM’s. We conclude
with two elasticity results for semi-regular CM’s, and a family of semi-regular
examples with infinite and full elasticity (a phenomenon that does not occur
in ACM’s).

2 Structural Results

We first consider regular congruence monoids. The following lemma, found in
[2], shows that regular CM’s are isomorphic to Krull monoids.

Lemma 2 Let I, be a regular congruence monoid. Then [I'],, < (Z/nZ)*.

Proof [I'],, is closed by definition of congruence monoid. For [z], € [I],,
ged(z,n) = 1. Hence by Euler’s theorem, [z]ﬁ(")_l[x]n = [1]n, and since [I'],

is closed, all of these are in [I'],,. O

By [12, Example 5.3 (4)], we conclude from Lemma 2 that I, is Krull with
finite class group (Z/nZ)* /[I'],,. Krull monoids are well-studied (e.g. in [12]),
with finite and accepted elasticity equal to half of the Davenport constant of
the block monoid of the class group. Half-factoriality is characterized by the
class group being of order 1 or 2, which translates into the following result.

Proposition 1 Regular congruence monoid I, is half-factorial if and only if
[Tn] > @ It is factorial if and only if |[[']n| = ¢(n).

We now turn our attention to prime elements of I5,. These are characterized
in Theorem 1, which first requires the following lemma.

Lemma 3 Let I, be a weakly reqular congruence monoid. Then [1],, € [I['],.

Proof Because I, is weakly regular, there is some g € (I" N nt). By Euler’s
theorm, 1 = ¢*™ (mod n) and [g)2"™ € [I),, since [T, is closed. 0
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We now characterize congruence monoids that contain primes. Henceforth
we will regularly make use, without further comment, of Dirichlet’s theorem
on primes in arithmetic progression.

Theorem 1 Let I, be a congruence monoid. If I, is weakly reqular, then it
contains infinitely many primes; if not, then it contains no primes.

Proof Let p € P be arbitrary with p =1 (mod n).

First, suppose that I, is weakly regular. We will prove that p is prime in
I',. We have [p|, = [1], and, by Lemma 3, [1],, € [['], so p € I},. Suppose
now that p|axy, where x,y € I5,. Since p is a rational prime, we may assume
without loss that p|z; write © = pz’ for some 2’ € N. Since p = 1 (mod n)
we have z = 2’ (mod n) and hence [z],, = [2],,. Since z € I, also 2’ € I,.
Consequently, p|x in I',, which completes the proof.

Now, suppose that I, is not weakly regular. Let x € Iy be arbitrary.
Because [z}, = [zp], = [zp?]n, both of zp,zp? € I},. However p ¢ I, since
ged(p,n) = 1 although, by Lemma 1, ged(g,n) > 1 for all g € I'. Now we have
x|(zp)(xp) in I}, because x(xp?) = (zp)(xp), but x { zp in I}, because p ¢ I},.
Hence z is not prime in I5,. a

In [3] it is shown that monoids with accepted elasticity and at least one
prime have full elasticity. Since regularity implies weak regularity, Theorem 1
implies that all regular congruence monoids have full elasticity.

We now produce an explicit element of I, based on the factorization n =
ur.

Theorem 2 Let I}, be a CM, with n = ur. Then [u®™], € [[],.

Proof Write u = p]'p3?---p. Because p1,p2,...,p, are all public primes,
there are some ¢1,¢2,...,9r € I' (not necessarily distinct) such that pi|g1,
D2l|g2, ..., Prlgr. Set x = g7'g5? - - g% . Because [I'], is closed, [z], € [[]n.
Hence, there is some y € I' such that [z], = [y],. But ged(xz,n) = u so,
by Lemma 2, gcd(y,n) = u. Note that [y*™], € [I'],,. We have y®(") =
0 = u?™ (mod u) because uly. Also we have y?(") = 1 = u®™) (mod r), via
Euler’s theorem, because ged(y, ) = ged(u, r) = 1. By the Chinese Remainder
Theorem, y?(") and u®(") are congruent modulo lem(u, r) = n. Hence [y®("],, =
[u®(M)],, and the result follows. O

In the special case of ACM’s, |[I'],,] = 1, so by Theorem 2 we see that
[, = {[u®™)],}. For fixed n, there are hence 2 ACM’s, where ¢ denotes the
number of distinct primes dividing n, and just one of these (corresponding to
u = 1) is regular. This observation was Proposition 4.1 in [2].

A useful structural ACM result in [4] expresses each ACM as the intersec-
tion of a regular ACM and the singular ACM M (u). This result is generalized
in the following.

Theorem 3 Let I' C N, I, be a congruence monoid, and n = ur. Then I
is a regular congruence monoid and

Mu)NI,C T, CMd)NT,
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Further, I, is a J-monoid if and only if M(u) NI = T,.

Proof We first prove that I. is a regular congruence monoid. Let xz,y € I
Because [I'],, is closed, there is some z € I" such that [z],[y], = [2]n. That
is, ur|(xy — z). But then r|(axy — 2), so [z].[y], = [2]-. Hence [I'], is closed. If
ged(r, g) > 1 for any g € I', that would violate the definition of r; hence I’ is
regular. Further, for g € I, if [z],, = [¢]n, then n|(z — ¢g) and hence r|(z — g)
and [z], = [g],. Consequently I3, C I

The second inclusion is now clear. To prove the first inclusion, let = €
(M (u)NT3.)®. Then there is some y € I" such that z = y (mod 7). But u®") = 1
(mod r) so also z = yu®™ (mod r). Hence r|(z — yu") = u(Z — yu?" 1),
but since ged(r,u) = 1 in fact 7|(Z — yu?"~1) and hence n = rul(z — yu?™).
Hence [2],, = [y]n[u®],, € [,

We now prove the last statement. If I, is a J-monoid, then all the inclusions
are equalities. If instead I, is not a J-monoid, there is some g € I" with u { g.
Then (g +n) € Iy \ (M(u)NI7). |

Corollary 1 Let z,y € I,, a CM. If% € M(u) then % erl,.

Proof By the second inclusion of Theorem 3, z,y € I'., which is regular. By

Lemma 2, there is some z € I' satisfying [y]-[z], = [1],. Since ¥ € M(u),
4 € Nand (7], = [z]:[z]; € [I'];. Hence § € M(u) NI and we apply the first
inclusion of Theorem 3. O

The following generalizes Lemma 2 to non-regular congruence monoids. It
shows that J-monoids have an implicit group structure.

Theorem 4 Let I, be a congruence monoid. Then [(M(u)NI,)%], is iso-
morphic to a subgroup of (Z/rZ)*. Further, if I, is a J-monoid, then [I'],, =
[(M(u) N I3)%n

Proof Consider v : I, — (M (u)NI}.)® given by ¢(z) = u®Mz. Let t : Z/nZ —
(Z/uZ) x (Z/rZ) be the natural isomorphism. Set S = {t([v)(x)],) :x € [} C
(Z/uZ) x (Z/rZ). In fact, because ¥(z) =0 (mod u) and ¥(z) = = (mod r),
S = {0}x[I?], = {0} x[I'],-. By Theorem 3, I is a regular congruence monoid,
so we apply Lemma 2 to get the first statement. The second statement follows
from Theorem 3 and [I3], = [I']. O

Theorem 4 is illustrated by the following example.

Ezample 1 Let n =30and I' = {1,4,14,16,26}. We have d = 1,u = 2,7 = 15,
so [I']3p is semi-regular. We see that [(M(2) N I15)%]50 = {[4]30, [14]30, [16]30,
[26]30) & (Z/22) x (Z/)2Z) < (Z)2Z) x (Z/AZ) = (Z/15Z)%. The identity in
(Z/27) x (Z/27Z) is the image of [16]30.

Our last result of this section generalizes the analogous ACM result found
in [4]. Its condition holds for all non-regular J-monoids, and hence for all non-
regular ACM’s.
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Theorem 5 Let I, be a congruence monoid with d* {u. If v € I'* is reducible,
then x +n € I, is irreducible.

Proof We have © = yz for some y, z € I';. By the second inclusion of Theorem
3, d?|z. If also x + n were reducible, then d?|(x 4+ n) and hence d?|n but then
d?|u contrary to hypothesis. O

Consequently, if I, satisfies the conditions of Theorem 5 then

o sup A DL &)

>
k—oco |Fnﬂ[17k]|

1
2

3 Elasticity

Recall that in the ACM context, if w is 1 (the regular case), or u is a prime

power (the local singular case), the elasticity is finite. On the other hand, for

all other u (the global singular case), the elasticity is infinite. We have similar

results for congruence monoids, except instead of just u we are concerned with

both v and d. For J-monoids, just as with ACM’s, these constants coincide.
We recall the following result from [16].

Theorem 6 Let I, be a congruence monoid. Let A = {x € I" : ged(x,n) >
1}, and let B = {p € P : p|n,p* € I}, for some k € N}. Then p(I},) < oo, if
and only if, Vo € A 3Ip € B with p|x.

We first generalize the ACM finite elasticity result, via u. The following
result handles all local CM’s, as well as certain semi-regular CM’s.

Theorem 7 Let I, be a congruence monoid. If u = p* for some p € P and
some k € Ny, then p(I},) < oo.

Proof Let A, B be as in Theorem 6. By Theorem 2, [u?()],, € [I'],. Setting
s = ko(r) we have p* = u?") so [p*], € [I'], and p* € I},. Thus p € B.
Now let € A. We have ged(z,u) = ged(z,n) > 1, so p|z. Since x € A was
arbitrary, the result follows. a

We now generalize the ACM infinite elasticity result, via d.

Theorem 8 Let I, be a congruence monoid. If d = didy for some dy,ds > 1
with ged(dy,ds) = 1, then p(I},) = co.

Proof Let A, B be as in Theorem 6. We first prove that B = (J; otherwise let
p* € B. Then [p¥],, € [I'],, so there is some y € I' with [p¥],, = [y],. By
Lemma 1, ged(y,n) = ged(p®,n) = p® for some s € N. But also d| ged(y,n),
which is a contradiction since d is not a prime power. We now observe that
A# 0, else d =1, and the result follows. O

For J-monoids, Theorems 7 and 8 characterize finite elasticity. Otherwise,
there is no simple way to close the gap, as the following two examples show.
For particular cases one can always apply Theorem 6 directly, by calculating
B and checking which elements of I" have one of these as divisor.
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Ezample 2 Set n =105 = 3-5-7,and I = {1,15}. We haver = 7,u = 15,d = 1
so Theorems 7 and 8 do not apply. Applying Theorem 6, we have A = {15}
yet B = (), hence p(I7,) = oco.

Ezample 8 Set n = 105, and I' = {1,15,85}. We again have r = 7,u =
15,d = 1 so Theorems 7 and 8 do not apply. Applying Theorem 6, we have
A = {15,85}; however this time [85],, = [5%°],, so B = {5}. Hence p(I},) < .

We now sharpen Theorem 7 and compute elasticity for the local case. An
upper bound for elasticity is computed in [16], but it is not particularly tight.

Theorem 9 Let I, be a local congruence monoid, p € P. Suppose that u =
p®,d=pY > 1. Let § = sup{v,(x) : © € I,z irreducible}. Then p(I},) = %.

Proof If § is finite, set 6’ = §; otherwise set ¢’ to be an arbitrarily large ele-
ment of {v,(z) : z € I, v irreducible}. We now choose s,t € (PN nt) with
p‘s/s, pYt both irreducibles in I},. The former is guaranteed by the definition
of &', while the latter is guaranteed by the definition of d. Let k € N be ar-
bitrary, and consider the two factorizations = = (p® s)79(Wk (prd'e(mk+1y —
(p7t)? ¢ (pr579R) W verify that v, (z) = 8"y (n)k+7, vs(z) = yo(n)k,
vi(z) = §d’éd(n)k + 1, so indeed these are factorizations as integers. Because
t?) = 1 = s (mod n), by Euler’s theorem we have (p7¢¥ ¢(mk+1) =
p't = (p'ts7?(MF) (mod n), so they are each in I},. Further, they are each
irreducibles because they have only v copies of p, the minimum possible. Con-

sequently, L(z) > §'¢(n)k + 1 and I(z) < yp(n)k + 1 so p(z) > Fonktl

; : Yé(n)k+1
Hence p(I7,) > % for all k € N so indeed p(I7,) > ‘S—

If 6 = oo we are done, otherwise we need an upper bound for p(I,
irreducible z € I,, we have v < v,(z) < 0. For y € I, vL(y) < vp(y) <

which rearranges to p(y) = L((;’)) < 5 . Hence p(I,) < %.

The invariant § in Theorem 9 may be difficult to compute, so in the follow-
ing result we bound p(I,) using other invariants. Note that because u = p%,
by Theorem 2 there is some power of p that is I',. Let 5 be minimal such that
p? € I,. We have v < B < ag(r).

). For
3l(y),
O

Theorem 10 Let I, be a local congruence monoid, p € P. Suppose that u =
p®,d=7p" > 1. Let 8 be minimal such that p® € I,. Then

(V+5—1J P+ -1
max ,
o Py

a+p -1
Y

) < p(l) <

where P = [%Wl

Proof Let § = max{vy(x) : © € I,z irreducible}, and let « € I}, be irre-
ducible with v,(x) = 6. Suppose first that § > a + 3. We have p? € I}, by
definition of 8. Set y = ap~” € N. We have v,(y) > a so y € M(u) and, by
Corollary 1, y € I},. Hence x is reducible via 2 = p®y, a contradiction. Hence
0 < a+ B — 1, which establishes the right inequality.
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Set ¢ = L%J Because ¢ < %, we have 3 > ¢y + 1. Choose any t € n*
with p7t € I',; such a ¢ must exist by definition of d. Let s € P\ {p} satisfy s =
tt1 (mod n). Now, set = p?(¢tUs. We have [z],, = [(p?t)°T],, = [prt]ct!.
Because [I'],, is closed, z € I},. Suppose = were reducible as x = (p®)(p®s). By
definition of d, b > « and hence a < y(¢+1) —7 = ¢ < f—1. This contradicts
the definition of 3. Hence z is irreducible and 6 > v(c+ 1); applying Theorem
9 gives p(I,) > \_%’B_IJ

We now turn to the last inequality. We assume without loss that there is
some q; € (PN nt) such that p’q; € I,. Choose g2 € (PN nt) such that
g2 = p~ %P7 (mod 7). We now show that z = p¥#*t7~1q, € I,. First, we
have vp(z) = Y8 +~v—1> «, so x = 0 (mod p®). Second, we have z = 1
(mod 7). Hence [z], = [u®"],, € [I'],, by Theorem 2.

Factoring x = (p*°q2)(p®*)(p°2) - - - (p®) into as many irreducibles as possi-
ble, we have Y8 +~v —1 =v,(x) = so + s1 + - - + st > v+ t8. Rearranging,
we get ¢ < ¢ and hence L(z) =t + 1 < 9. Now, we set ¢ = ¢(n) and choose
(large) k € N. We now consider

- k —1)+1 . _
y = (p¢ﬁ+'y 1q2)k¢'y(p’yq1¢(¢ﬁ+“/ )+ ) = (p'yql)kqﬁ(wﬁ—i-'y 1)(p7q§¢7q1)

Note that since ¢f = ¢¢ = 1 (mod n), we have [p”qf¢(¢ﬁ+771)+l]n =
P 'q1]n = [p”qgmql]n, so these terms are in I,. Since ~ is minimal, these

terms are irreducible. We now compute

s HOWBEY )L kgE = 1) +1
PV = oL@y + 1~ kv + 1

Since p(I3,) > p(y) for arbitrary k, the desired bound follows. O

In the special case of local J-monoids, & = v and ¢ = 1 in Theorem 10,
giving the exact result p(I,) = %ﬁ_l This generalizes a result in [6] for local
singular ACM’s.

Another consequence of Theorem 10 is the following necessary condition
for half-factoriality in local CM’s. An exact characterization of this property
for J-monoids appears in Proposition 2, and for regular congruence monoids in
Proposition 1. For other congruence monoids the problem remains open. Con-
gruence monoids with the stronger property of factoriality were characterized
60 years ago in [15].

Corollary 2 Let I, be a local congruence monoid. If I, is half-factorial, then
y=p=1.

Proof We have 1 = p(I,) > g—i—% > 1+0. All inequalities are equalities. O
Proposition 2 Let I, be a local J-monoid. Then I3, is half-factorial if and
only if

1. w is prime, and
2. (uln € [In-



10 A. Fujiwara, J. Gibson, M. Jenssen, D. Montealegre, V. Ponomarenko, A. Tenzer

Proof By Theorem 10, we have 1 = p(I},) = a+5717 if and only if 8 =1 (i.e.
[u], € [[)n)- If B =1, then since 1 <~ < B,y =1, and since I, is a J-monoid,
a = v = 1 and hence u is prime. For the other direction, if u is prime and
[uln, € [I']n, then = 1. O

Half-factoriality of J-monoids is therefore completely characterized by Propo-
sitions 1 and 2, and Theorem 8.

The following examples show that both lower bounds of Theorem 10 are
meaningful, and that the upper bound is sometimes, but not always, met.

Ezample 4 Let n = 128, I' = {16,20,64,128}. We have p = 2,7 = 2,8 =
4, =7, and ¥ = 2. Theorem 10 gives us max(2,2.25) < p([},) < 5.

Evample 5 Let n = 1280, I' = {32,188, 192, 256, 512, 768, 784, 896, 1024}. We
havep = 2,7 =2, =5, = 8, and ¢ = 2. Theorem 10 gives us max(3,2.75) <
p(Iy) < 6.

Ezample 6 Let n = p®, I' = {p,p?,...,p*}. Theorem 10 gives 1 < p(I},) < .
If p # 2, then 2p® is irreducible (since, for r < a, 2p” is not congruent to any
element of I, modulo p®). Hence by Theorem 9, p(I,) = . If instead p = 2,
then 3p®~! = p®~1 + p® € I,, and is irreducible (since, for r < o — 1, 3p” is
not congruent to any element of I', modulo p®). Hence p(I},) > a — 1, and we
will prove equality. If we had p(I3,) = a then some for some ¢ € N, ¢p® would
be irreducible, but (p)($p®) or (p)(p®~* + <51p®) are factorizations for ¢ even
or odd, respectively.

4 Singular J-Monoids

In the case of singular J-monoids, the factorization structure is determined by
the interplay between public and external primes. Motivated by Theorem 4,
we make the following definitions. For singular J-monoid I,, we define abelian
group G = G(I,) = (Z/rZ)* /[T'),. We write G = {g1,92,---,9m}, Where g;
is the identity, and let o : 7* — G denote the natural epimorphism.

We factor u = ui'us? - - - up*, where uq,...,up € Pand aq,...,a, € N. Let
{e;} denote the standard basis vectors. We now define 6 : 7+ — NE x N as

follows:
e(ul) = (67;,0), for U; € {U17U27 . 7’LLk}
0(p) = (0,e,(p)), for p € (PNnt)

O(xy) = 0(x) + 0(y), for z,y € Pt

For z € rt, we consider 0(z) = (2/,2") = ((21,...,2}), (27,...,2)). We
have z € M (u) if and only if 2, > a} (for each 1 < i < k). We have z € I if
and only if

’ 7 7

U(ul)z{ co(up) gl g = g
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That is, if we consider the sequence in G formed by the images of all the primes
dividing z, that sequence must be zero-sum for [z], € [I'], and hence z € I,.
These observations lead to the following result.

Theorem 11 Let I, be a singular J-monoid. Let N1 = ((a1, ..., a;) + NE) x

N, Let No = {(¢',2") € Nk x NI Hle o(u;)% I~ g;j = q1}. Then
N = (N1 N N2) U{(0,0)} is a monoid under addition, and 6 is a transfer
homomorphism from I, to N.

Proof First, since Ny U {(0,0)} and N2 U {(0,0)} are each submonoids of
N§ x Np* under addition, their intersection is. The map 6 : I;, — N is a monoid
homomorphism by construction, and §(z) = (0, 0) if and only if z = 1. We may

choose external primes ¢y, . .., ¢, such that o(q;) = g;. Hence for (2/,2") € N,
we take z = Hle u I~ q;j and have 6(z) = (2, 2"). Thus 0 is surjective.

Now, let z = uy! ~--u£’“p1 -+ ps, where the p; are not necessarily distinct ex-

ternal primes. Suppose now that 6(z) = ((f1,-.., fx),2") = (&', 2") + (v, "),
a factorization in N. For each g; € G, exactly zé' of the {pi1,...,ps} are
preimages under o. Arbitrarily choose x}' of these, and let v; denote their
product. Let w; denote the product of the remaining y;" of them. Now set

T = Hle u;t H;”’Zl vj, Y = Hle ult H;”’Zl w;. We have z,y € I, by Theorem

K2

3, and 0(x) = (2/,2"),0(y) = (v',y") as desired. O

For regular J-monoids, © = 1 and the problem reduces to the study of
zero-sum sequences as before. For singular J-monoids, the public primes are
distinguished and there are minimal requirements for their quantity; the pres-
ence of external primes affects which quantities are permitted.

Ezample 7 Let n = 1860 and I' = {124,496, 1364, 1736}. We have u = 31 -
2%, r =15, [I'lis = {[l]15, [4]15, [~4]15, [~ 1]15} and G = (Z/15Z)*/[I]15 =
(Z/27). For p € (PN rt), we have o(p) = g1 if p is congruent to one of
{£1,£4} modulo 15, and o(p) = g2 otherwise. We have N* = {(a,b,c,d) €
Ng :a > 1,b > 2, and 2|(b + d)}. Element (a,b,c,d) is irreducible exactly
when a =1 or b € {2,3}.

In some sense the opposite extreme of the regular case is where o(uq1) =
.-+ = o(ug) = g1; in this case the zero-sum sequence component of the problem
is irrelevant. In the context of ACM’s, this corresponds to the case of Myq yd
where ged(z,y) = 1 and each divisor of d is congruent to 1 modulo y.

Theorem 12 Let I, be a singular J-monoid. Suppose that o(uy) = --- =
o(ur) = g1. Then there is a transfer homomorphism 7 : I, — M given by
(@) = (vuy (), ..., v, (2)), where M = ((a1,...,ax) + N§) U{0} .

Proof The map 7 is a monoid homomorphism by construction, and 7(z) = 0
if and only if x = 1. For z € M, we take © = Hle u;* and have 7(z) = z; thus
7 is surjective. Now, let z = meZl u;* € Iy, where gcd(m,n) = 1. Since
o(x) = g1 =o(uy) =+ = o(ux), we have o(m) = g1 as well. Now, suppose
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that z = 7(x) = (21,...,2k) = 2’ + 2", where 2/, 2" € M. Set 2/ = meZl u;t,
' = Hf:l u;" . We have 2/, 2" € I', by Theorem 3, and 7(2') = 2/, 7(2") = 2",
as desired. O

Recall that in [2] a transfer homomorphism was demonstrated from M (u)
to the same (ay,...,ax) + N§. Consequently, M(u) and I}, share the same
factorization invariants if o(uy) = -+ = o(ug) = ¢1.

In the remainder of this section, we consider local J-monoids, and with
three choices of restrictions we determine full and/or accepted elasticity. Our
first restriction is that 8 = a.

Theorem 13 Let I, be a J-monoid with u = p*. Suppose that u € I,,. Then
p(I) = 21 and it is accepted. Further, if p* ¢ I, for all o < k < 2a, then
I, has full elasticity.

Proof Theorem 10 gives p(I3,) = %ﬁfl Let ¢ € (PN nt) such that o(q) =
o(p). Consider the factorization (2a — 2)(e,0) + (v, aey(q)) = a(2a — 1, e4(4))
in Ng x N§*, which has elasticity 20‘;1, as desired.

Now, let ¢ € [1, 2aa_1 ). Let « € I, have the two factorizations given by

(pa)t(Qa—l)—sa(an—lq)a(s—t) — (pa)sa—s—l(paqa(s—t))

Because v,(y) > « for all irreducibles y, L(z) < LVPT(I)J = sa — s, as

represented on the right. Now, express any factorization of x as z,z,, where
xp is a product of irreducibles that are pure powers of p, while z, is a product
of irreducibles that are multiples of g. We have |z| = |zp| + |z4] and v, (x) <
alzy| + (2a — 1)|z4| since vp(y) = aif y € xp and vp(y) < 20— 1if y € .
We have |z4| < vy(z) = a(s — t). We now have |z| > Vp(w)f(iafl)lw” + 24| =
Lwp(z) = (a = D)|zg]) = L(vp(z) — (@ = 1)a(s — t)) = at — t. Hence the
minimal length factorization is represented on the left. Combining, we have
aS—S

p(x) = &= = 7, as desired. O

Our next restriction is that o = 1.

Theorem 14 Let I, be a J-monoid with uw = p. Then p(I,) = B, and I, has
full elasticity.

Proof Theorem 10 gives p(I},) = 3. Let ¢ € (PNnt) such that o(q) = o(p)~'.
Let 3 € [1,5). Let x € I, have the two factorizations given by

)ﬂs—ﬂt+1( ,B)Bt—s—l :( ﬂ)b’t—t—l( Bs—,@t—i—l)

(pq P p Pq

By Theorem 9, v,(y) < B for all irreducibles y. Hence I(z) > [V"T(z)l =
Bt —t — 1, as represented on the right. Now, express any factorization of x as
xpq, where x, is a product of irreducibles that are pure powers of p, while z,
is a product of irreducibles that are multiples of g. We have |z| = |z,| + |z
and vy (z) > Blzy| + 24| since v,(y) > Bify € xp and vp(y) > a=11if y € x,.
We have |z,| < vq4(z) = Bs — Bt + 1. We now have |z| < W + |zq| =



Arithmetic of Congruence Monoids 13

L(up(@) + (8 = Dlegl) < L(p(@) + (B—1)(Bs — Bt + 1)) = Bs — 5. Hence the
maximal length factorization is represented on the left. Combining, we have

p(l‘) = % = %’ as desired. 5

In general the question of accepted elasticity in local ACM’s (and hence
local J-monoids) is difficult; see, e.g. [10]. We give one more result in this
direction, under a restriction based on o(p) and the structure of G.

Theorem 15 Let I, be a J-monoid with u = p® and set g = o(p)~1. Suppose
there is some h € G such that |h| = |g| = 5 and (h) N {g) = g1. Then the
elasticity of I, is accepted.

Proof Let ¢ € (PN nt) such that o(q) = h, and let » € (P N nt) such that
o(r) =h"1g.
We have the factorization

a(a + ﬂ -1, (a + Qﬂ - 1)ea(q) + (Oé - 1)eo(r))+

Fala+ B —1,(a—1)e (g + (@ +28 = 1)espy) =

= (20[ + 2B - 2)(04, a(ea(q) + 6(7(7")))

We first show that each term is in N. (a4 3 — 1, (a + 28 — 1)eq(q) + (a —
1)eq(ry) corresponds to (g—1)otA=1pat28=1(p=lg)ya=l = g=BFp26 — g, The
next term is similar, and the last corresponds to (¢71)*h*(h=1g)® = g;. We
now show that p®tP#~-1¢g*+28—-1ra=1 ig irreducible in I},. Suppose we factor it
as xy; then vy(z) € [o, 8 — 1]. But since o(z) = g1, vy (x) = vp(z) (mod |gl),
which is impossible since v,(z) < o — 1. Similarly, p@t8—tga—1pat26-1 jg
irreducible and hence this factorization has elasticity % = p(I}).

O

5 Semi-Regular I,

We conclude with some rather meager results on semi-regular congruence
monoids. This class of CM’s has very rich structure, is disjoint from ACM’s,
and has the most opportunity for further work.

Of our earlier elasticity results, only Theorems 6 and 7 apply for semi-
regular CM’s, which determine when elasticity is infinite. To refine this, for
semi-regular CM T}, we define I't = I'Nnt and I'° = '\ I'* = '\ nt; each
must be nonempty since {[1],,, [u®"],} C [I'],, by Lemma 3 and Theorem 2
respectively. We now use this notation to present two lower bounds for p(I7},),
in Theorems 16 and 17.

Theorem 16 Let I, be a semi-regular congruence monoid. Then ' is a
regular congruence monoid, and p(I'y) > p(I'L).
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Proof First, let g1,g2 € - C T,. Hence g1g2 € I',; but also g1g2 € nt so in
fact g1g2 € I and hence ' is a congruence monoid. By construction, I’ is
regular.

Suppose that z = yz with z,y,2 € I,, and further 2 € I'}. Then also
y,z € I, because otherwise y (say) has y ¢ nt. Then, some public prime
divides y and hence z, a contradiction. Hence p(x) in I, agrees with p(z) in
I, Since this holds for all z € Iy, the conclusion follows. O

Consequently, if I}, is a half-factorial semi-regular CM, then I is a half-
factorial regular CM and Proposition 1 applies.

Theorem 17 Let I, be a semi-reqular congruence monoid. Then I, is a
congruence monoid that is not weakly regqular. Further, if Iy is a J-monoid,
then

1. If u=p® is a prime power, then p(I},) , where 3 is minimal such
that p® € T,.

2. If u is not a prime power, then p(I},) = co.

a+pB—1
= B

Proof First, let g1,92 € Iy C I,. Hence g1g2 € I'y; but also gi1g2 ¢ nt so in
fact g192 € Iy and hence I, is a congruence monoid. By construction, I} is
not weakly regular, and shares u,r (though not necessarily d) with I,. If Iy
is a local J-monoid, then it also shares «, 8 with I,.

Next, suppose that I'? is a J-monoid, and v = ujus for some wuy,us > 1
with ged(ug, uz) = 1. For each m € N, set @y, = (u®@ ) (w0 =
(u®())(m+2)  Note that since x,, consists entirely of public primes, all irre-
ducibles dividing z,, in I}, must actually be contained in I, (and hence
p(Zm ) is the same in both). By Theorem 3, each of (u¢(r)u;n¢(r)), (u¢(r)u;n¢(r)),
(u®(")) € I, although they might not be irreducible. However, L(u¢(r)uT¢(T)) <
o(r) and L(u¢(r)u£n¢(?“)) < ¢(r), by considering the primes in ug,u; respec-
tively, since u must divide every irreducible. Hence 2 < I(z,,,) < 2¢(r), while
L(z,) > m+2, we conclude that p(z,,) > ;’;—J{TQ) Letting m — oo we conclude
that p(T) = p(I) = oc.

Next, suppose that I is a J-monoid, with v = p®. By the comments
following Theorem 10, we have p(I7) = %ﬁfl By Theorem 9, there is some
irreducible z € IS with v,(z) = a + 3 — 1. Suppose first that p**F=1 = 1
(mod 7). Then we consider x = (p@*+#=1)8 = (p#)a+8-1_ Since all factors of x
are public primes, every irreducible dividing «x is from I';;. Hence the elasticity
of x in I3, agrees with the elasticity of = in I, which is %ﬁfl Lastly, we

consider the case where p®t8=1 £ 1 (mod r). We may write z = pt8-1s,
for some s € (PNnt) and s Z 1 (mod r). Now, set x = (p@ T8~ 15)*(MF =
(pP)P(m)(e+B-1)(56(m))B VWithin I,, factors of (p®+7~1s) must of necessity be
both from I'?, apart from (p®*t#~1)(s), which is excluded since p*+#~1 ¢ I°.
Hence p®*+#~1 is irreducible in I, and thus I(z) < ¢(n)3. Each of p?, s?(™ €
I, and hence L(z) > ¢(n)(a + 8 — 1) + 5. Combining, we have p(z) >

¢(n)(a+B—-1)+p a+p-—1
B~ B 0
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Note that Theorem 17 leaves open the possibility that I'; is a J-monoid
and %f—l < p(I) < p(Iy) = %ﬁ_l We wonder if this is possible.

We conclude with a variation of Theorem 17 that provides a family of
examples that have infinite and full elasticity; in contrast, it was shown in [6]
that no ACM has infinite and full elasticity.

Theorem 18 Let I, be a semi-regular congruence monoid. Suppose that u €
Iy, and that I'7 is a J-monoid with infinite elasticity. Then I, has infinite
and full elasticity.

Proof Since I is a J-monoid with infinite elasticity, we must have u = ujuq
for some uy,uz > 1 with ged(ug,u2) = 1. Set z,, = (uu?m¢(r))(uugm¢(r)) =
(u)2m¢(T)+2. Since x,, consists entirely of public primes, all irreducibles divid-
ing x,, must actually be contained in I'7, and p(z,,) agrees in both. By Theo-
rem 3, each of (uu?m‘ﬁ(r)), (uu§m¢(r)) € I'?. Further, by considering the primes
in ug, uy respectivly, each is irreducible, as is u. Therefore L(x,,) = 2meo(r)+2
and [(xy,) = 2. Now, by Theorem 1, there is some prime 7 € I,. Let $ > 1.

We consider 2 = 729" =23__,. We have p(z) = % = 7, as de-

sired. O

Many problems involving arithmetic of congruence monoids remain open:

1. Characterizing half-factoriality for non-regular, non-J-monooids.

2. Computing elasticity (or even good bounds) when d is a prime power but
u is not.

3. Computing elasticity (or even good bounds) for semi-regular CM’s.

4. Computing elasticity (or even good bounds) for CM’s that are not semi-
regular, but have d = 1.

5. Determining accepted and full elasticity, apart from the several classes
considered above.

6. Determining various other nonunique factorization invariants such as delta
sets, catenary degree, etc.
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