
ON THE ACCEPTED ELASTICITY OF ARTITHMETIC

CONGRUENCE MONOIDS

1. Preliminaries

1.1. ACMs. An Arithmetic Congruence Monoid (ACM) is a monoid of the form

Mpa, bq :� t1u Y pa� bN0q � t1, a, a� b, a� 2b, a� 3b, ...u

where a, b are integers with 0   a ¤ b and a2 � a pmod bq. This last condition
ensures that Mpa, bq is closed under multiplication, and hence is a monoid.

Let r P Mpa, bq. We say that r is irreducible if, whenever there are elements
s, t PMpa, bq such that r � st, either s � 1 or t � 1. All elements of Mpa, bq, other
than 1, can be factored into irreducibles, but this factorization is not necessarily
unique.

Given a factorization of r into irreducibles, we call the number of irreducibles in
this factorization the length of the factorization. We define the length set of r to
be

Lprq :� tn P N | D irreducibles a1, ..., an PMpa, bq such that r � pa1q � � � panqu,

and the elasticity of r to be

ρprq :� maxLprq
minLprq .

The elasticity of the monoid is defined as

ρpMpa, bqq � suptρprq | r PMpa, bqu,

and we say that the elasticity of the monoid is accepted if there is some r PMpa, bq
such that ρprq � ρpMpa, bqq.

This paper attempts to classify which ACMs have accepted elasticity and which
do not. There are three mutually exclusive types of ACMs: regular, global, and
local. An ACM is regular if gcd(a, b) = 1. Regular ACMs always have accepted
elasticity, by theorem 3.4 of [1] for details. An ACM is global if gcd(a, b) is not a
power of a prime. Global ACMs have infinite elasticity, hence they do not have
accepted elasticity. An ACM is local if gcd(a, b) is a power of a prime, other than
1. Some local ACMs have accepted elasticities while others do not. We narrow our
focus to only consider local ACMs.

For the remainder of this paper, let p be a prime number, α P N, and x, y P N with
0   x ¤ y, gcd(x, y) = 1, and ppαxq2 � pαx pmod pαyq. Define M :�Mppαx, pαyq.
We will also define β to be the least positive integer such that pβ PM through the
rest of the paper. Given p, α, x, and y, we wish to determine whether or not M has
accepted elasticity.
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2 ON THE ACCEPTED ELASTICITY OF ARTITHMETIC CONGRUENCE MONOIDS

1.2. Multisets. This paper uses the notion of a multiset, which is essentially a set
which may contain (finitely many) multiple copies of the same element. Formally,
it is a pairing (A,µ) of a set A and a map µ : A Ñ N, where the multiplicity of
each element of A in the multiset is its image under µ. We say that pA,µq is finite

if A is finite. If A � ta1, a2, ...u, we can denote (A,µ) by
!!
a
µpa1q
1 , a

µpa2q
2 , ...

))
, or by$'&

'%
$'&
'% a1, ..., a1looomooon
µpa1q times

, a2, ..., a2looomooon
µpa2q times

, ...

,/.
/-
,/.
/- .

We say that (A1, µ1) is a submultiset of (A2, µ2), and write pA1, µ1q � pA2, µ2q if
A1 � A2 and, for all a P A1, µ1paq ¤ µ2paq. The union pA1, µ1qYpA2, µ2q is defined
as pA1 Y A2, τq, where τpaq � µ1paq if a P A1 � A2, τpaq � µ2paq if a P A2 � A1,
and τpaq � µ1paq � µ2paq if a P A1 XA2.

Let S � ttgm1
1 , ..., gmn

n uu be a finite multiset of elements in an additive (resp.
multiplicative) group G. We let

°
S (resp.

±
S) denote the sum

°n
i�1mi �gi (resp.

the product
±n
i�1 g

mi
i ) in G.

Notice that ¸
pAY Bq �

¸
A�

¸
B

Definition 1.2.1. Let S � ttgm1
1 , ..., gmn

n uu be a multiset of elements from an ad-
ditive (resp. multiplicative) group G, and let h P G. We say that h is an internal
sum (resp. internal product) of S if D a submultiset R � S such that

°
R � h

(resp.
±
R � h).

1.3. Machinery.

Definition 1.3.1. Let G be a finite abelian group, g P G, and k P Z¡0. Define
βpG, g, kq to be the least multiple of ordGpgq that is at least k.

Lemma 1.3.1. β � βpZ�y , rps, αq.
Proof. We must show that pβpZ

�

y ,rps,αq is the least positive power of p contained in
M . To see this, we will use the fact, from lemma 4.1 of [1], that M �Mppα, pαq X
Mp1, yq. Notice that, if m is a positive integer, then pm PMppα, pαq ðñ m ¥ α,
and pm P Mp1, yq ðñ ordyppq � m. Hence pm P M iff m ¥ α and ordyppq � m.

Since βpZ�y , rps, αq is the least multiple of ordyppq that is at least α, pβpZ
�

y ,rps,αq is

the least positive power of p contained in M . Thus β � βpZ�y , rps, αq. �

Definition 1.3.2. Let G be a finite abelian group, g P G, and k P Z¡0. We say
that the triple pG, g, kq is accepted if there exist positive integers e, f and multisets
A1, ...,Ae,B1, ...,Bf of elements of G such that

(1)
�e
i�1 Ai �

�f
i�1 Bi

(2) for j � 1, ..., e, Aj has no internal product in
 
g, g2, ..., gβpG,g,kq�k

(
(3) for j � 1, ..., e,

±
Aj � g1�k

(4) for j � 1, ..., f ,
±

Bj � g�k, and

(5) f
e � k�βpG,g,kq�1

k .

Otherwise, we say that (G,g,k) is not accepted.

From lemma 4.1 of [1], we know that p � y. Therefore, using square brackets to
denote equivalence classes modulo y, we have that rps P Z�y . We can now state the
theorem that gives meaning to the above definition:
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Theorem 1.3.1 (Equivalence Theorem). M has accepted elasticity iff pZ�y , rps, αq
is accepted.

Proof. Let r be an irreducible in M . We claim that α ¤ vpprq ¤ α � β � 1.
Since r P Mppα, pαq, α ¤ vpprq, proving the first inequality. To prove the second
inequality, assume that vpprq ¥ α� β, and let r � pα�βq for some integer q. Then
pβ � pα�βq � 1 pmod yq since pβ , pα�βq P M . Hence pαq � 1 pmod yq, and thus
pαq PM . But then r � ppβqppαqq, contradicting the irreducibility of r. Therefore,
α ¤ vpprq ¤ α� β � 1. Define an A-atom to be an irreducible in M with a p-adic
valuation of α�β�1, and define a B-atom to be an irreducible in M with a p-adic
valuation of α.

Now, let s be an element of M . Since each irreducible factor of s has p-adic
valuation of at least α, there are at most tvppsq{αu irreducibles in a factorization
of s. And since each irreducible factor of s can have p-adic valuation of at most
α� β � 1, there are at least rvppsq{pα� β � 1qs irreducibles in a factorization of s.
Thus

Lpsq �
"
m

����
R

vppsq
α� β � 1

V
¤ m ¤

Z
vppsq
α

^*
.

and

ρpsq ¤

Y
vppsq
α

]
Q
vppsq
α�β�1

U ¤ vppsq
α

vppsq
α�β�1

� α� β � 1

α
.

For the first inequality, equality holds iff there are factorizations of lengths tvppsq{αu
and rvppsq{pα � β � 1qs. For the second inequality, equality holds iff vppsq{α and
vppsq{pα�β�1q are integers. Thus overall equality holds if there are factorizations
of lengths vppsq{α and vppsq{pα�β�1q. The former occurs iff there is a factorization
of s into all B-atoms and the latter iff there is a factorization of s into all A-atoms.
Thus ρpsq � pα�β�1q{α iff s has a factorization into all A-atoms and a factorization
into all B-atoms.

From Theorem 2.4 of [2], we know that ρpMq � pα � β � 1q{α. Therefore, M
has accepted elasticity iff there exists s PM such that s has a factorization into all
A-atoms and all B-atoms.

Hence, the statement of this theorem is equivalent to the following: M contains
an element which has a factorization into all A-atoms and a factorization into all
B-atoms iff there exist positive integers e, f and multisets A1, ...,Ae,B1, ...,Bf of
elements of Z�y such that

(1a)
�e
i�1 Ai �

�f
i�1 Bi

(2a) for j � 1, ..., e, Aj has no internal product in
 rps, rps2, ..., rpsβ�α(

(3a) for j � 1, ..., e,
±

Aj � rps1�α
(4a) for j � 1, ..., f ,

±
Bj � rps�α, and

(5a) f{e � pα� β � 1q{α.

We will prove this equivalent statement:
(ñ) Assume that Ds P M such that s has a factorization s � pA1q � � � pAeq into

A-atoms and s � pB1q � � � pBf q into B-atoms. For each i=1,...,e, let Ai have the

prime factorization Ai=p
α�β�1pqpiq1 q � � � pqpiqmiq over the natural numbers. Since each

Ai is a unit mod y, so is each q
piq
j , so let rapiqj s denote the class of q

piq
j in Z�y for all

i P t1, ..., eu and j P t1, ...,miu. Define the multisets Ai �
!!
rapiq1 s, ..., rapiqmis

))
for
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i � 1, ..., e. Similarly, define the multisets Bi �
!!
rbpiq1 s, ..., rbpiqni s

))
where rbpiqj s is the

equivalence class of r
piq
j in Z�y and Bi � pαprpiq1 q � � � prpiqni q is the prime factorization

of Bi over the natural numbers. We will show that these integers and multisets
satisfy conditions (1a)-(5a).

From the fundamental theorem of number theory, we know that s has a unique
prime factorization over the natural numbers, hence the two prime factorizations

pA1q � � � pAeq � pepα�β�1q
e¹
i�1

mi¹
j�1

q
piq
j

and

pB1q � � � pBf q � pfα
f¹
i�1

ni¹
j�1

r
piq
j

are the same. Each prime factorization has the same number of p’s, hence epα �
β � 1q � fα, so condition (5a) holds. Furthermore, each prime factorization has
the same primes when excluding p’s, thus

e¤
i�1

mi¤
j�1

!!
q
piq
j

))
�

f¤
i�1

ni¤
j�1

!!
r
piq
j

))
ùñ

e¤
i�1

mi¤
j�1

!!
rapiqj s

))
�

f¤
i�1

ni¤
j�1

!!
rbpiqj s

))
ùñ

e¤
i�1

Ai �
f¤
i�1

Bi,

so condition (1a) holds.
Notice that, for i � 1, ..., e,

¹
Ai �

mi¹
j�1

rapiqj s

�
�
mi¹
j�1

q
piq
j

�

� rAis{rpα�β�1s
� rps1�α

since Ai � pβ � 1 pmod yq. Therefore, condition (3a) holds. A similar argument
proves condition (4a).

We will show that condition (2a) holds by contradiction. Assume that for
some j P t1, ..., eu, DS � Ai such that

±
S P trps, rps2, ..., rpsβ�αu. Say S �!!

rapiqj1 s, ..., ra
piq
jz
s
))

, and
±

S � rpsγ for some γ P t1, ..., β � αu. Let g � q
piq
j1
� � � qpiqjz

and h � pqpiq1 � � � qpiqmiq{g. Then rgs � rpsγ . Furthermore, Ai � pα�β�1gh �
ppβ�γgqppγ�α�1hq. Since 1 ¤ γ ¤ β�α, we know that vpppβ�γgq � β� γ ¥ α and
vpppγ�α�1hq � γ�α�1 ¥ α. We also know that rpβ�γgs � rpsβ�γrpsγ � rpβs � r1s,
and rpγ�α�1hs � rAis{rpβ�γgs � r1s. Therefore, Ai � ppβ�γgqppγ�α�1hq is a fac-
torization in M , contradicting the irreducibility of Ai. Hence condition (2a) holds.
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(ð) Now assume that there are integers e, f and multisets A1, ...,Ae,B1, ...,Bf
of elements of Z�y which satisfy conditions (1a)-(5a). Let

Ai �
!!
rapiq1 s, ..., rapiqmi

s
))

for i=1,...,e and

Bi �
!!
rbpiq1 s, ..., rbpiqni

s
))

for i=1,...,f . Define q
piq
j , r

piq
j to be the least prime natural number belonging to the

equivalence classes rapiqj s, rbpiqj s, respectively. Notice that these primes necessarily

exist by Dirichlet’s theorem. Define Ai � pα�β�1q
piq
1 � � � qpiqmi for i � 1, ..., e and

Bi � pαr
piq
1 � � � rpiqni for i � 1, ..., f .

Notice that, for i � 1, ..., e,

rAis � rpα�β�1q
piq
1 � � � qpiqmi

s
� rpsα�1rapiq1 s � � � rapiqmi

s
� rpsα�1

¹
Ai � r1s,

so Ai � 1 pmod yq. By a similar argument, Bi � 1 pmod yq for i � 1, ..., f .
Furthermore, since each Ai and each Bi has a p-adic valuation of at least α, they
are elements of M . Furthermore, conditions (1a) and (5a) together ensure that
A1 � � �Ae � B1 � � �Bf . Call this product s. It suffices to show that each Ai and
each Bi is irreducible, for then s P M would have a factorization into all A-atoms
and a factorization into all B-atoms.

Since any element of M with p-adic valuation less than 2α is irreducible, each
Bi is irreducible. Assume that there is some k P t1, ..., eu such that Ak is reducible,
and say that Ak � ppγgqppα�β�γ�1hq is a factorization in M . Pick a set of indices

ti1, ..., izu � t1, ...,mku such that g � q
pkq
i1

� � � qpkqiz
, and let S �

!!
rapkqi1 s, ..., ra

pkq
iz
s
))

.

Then
±

S � rapkqi1 s � � � ra
pkq
iz
s � rqpkqi1

� � � qpkqiz
s � rp�γs since rAks � r1s. Because

the two factors are in M , γ ¥ α and α � β � γ � 1 ¥ α, yielding α ¤ γ ¤
β � 1. Therefore

±
S � rp�γs P trps, rps2, ..., rpsβ�αu, contradicting condition (2a).

Therefore each Ai is irreducible. Hence s PM has a factorization into all A-atoms
and a factorization into all B-atoms, completing the proof. �

Theorem 1.3.2 (Isomorphism Theorem). Suppose ψ : GÑ H is an isomorphism
of finite abelian groups. Then pG, g, kq is accepted iff pH,ψpgq, kq is accepted.

Proof. Suppose pG, g, kq is accepted. Then there exist positive integers e, f and
multisets A1, ...,Ae,B1, ...,Bf of elements in G which satisfy conditions (1)-(5) from
the definition of an accepted triple. Let A1

i be the image of Ai under ψ for i � 1, ..., e
and B1i the image of Bi under ψ for i � 1, ..., f . We wish to show that the integers
e, f and multisets A1

1, ...,A1
e,B11, ...,B1f satisfy

(11)
�e
i�1 A1

i �
�f
i�1 B1i

(21) for j � 1, ..., e, A1
j has no internal product in

 
ψpgq, ψpgq2, ..., ψpgqβpH,ψpgq,kq�k(

(31) for j � 1, ..., e,
±

A1
j � ψpgq1�k

(41) for j � 1, ..., f ,
±

B1j � ψpgq�k, and

(51) f{e � pk � βpH,ψpgq, kq � 1q{k.
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Since ordHpψpgqq = ordGpgq, we have βpH,ψpgq, kq � βpG, g, kq. Hence condition
(51) holds. Conditions (21), (31), and (41) also hold because isomorphisms preserve
the group operation. Finally, because

�
A1
i and

�
B1i are images of

�
Ai and

�
Bi,

respectively, under ψ (since we are looking at the union of multisets, not just sets),
condition (11) holds as well. Therefore, pH,ψpgq, kq is accepted.

Now, suppose pH,ψpgq, kq is accepted. Because ψ�1 : H Ñ G is an isomorphism,
we can apply the argument in the preceeding paragraph to see that if pH,ψpgq, kq
is accepted, then pG, g, kq is accepted. Thus pG, g, kq is accepted iff pH,ψpgq, kq is
accepted. �

Theorem 1.3.3 (Reduction Theorem). Suppose G is a finite abelian group and H
is a subgroup, with h P H. If pH,h, kq is accepted, then pG, h, kq is accepted.

Proof. Suppose pH,h, kq is accepted, and let positive integers e, f and multisets
A1, ...,Ae, B1, ...,Bf of elements of H satisfy conditions (1)-(5). Because ordHphq
= ordGphq, it is clear that the integers e, f and the multisets A1, ...,Ae,B1, ...,Bf ,
when viewed as multisets of elements of G, still satisfy conditions (1)-(5). Thus
pG, h, kq is accepted. �

Definition 1.3.3. Let G be a finite abelian group, g P G, and k P N. We
say that (G,g,k) is overaccepted if there exist positive integers e, f and multisets
A1, ...,Ae,B1, ...,Bf of elements of G which satisfy conditions (1)-(4) from the def-
inition of an accepted triple, but also satisfy

p5q f
e ¥ k�βpG,g,kq�1

k

Theorem 1.3.4. pG, g, kq is overaccepted if and only if pG, g, kq is accepted.

Proof. The if statement is trivial, so we begin proving the only if statement. Sup-
pose pG, g, kq is overaccepted. Then there exist positive integers e, f and multisets
A1, ...,Ae,B1, ...,Bf of elements of G which satisfy conditions (1)-(4) and (5).

Define ek multisets Ai,j for i � 1, ..., e and j � 1, ..., k, so that Ai,j=Ai. Define
fk multisets Bi,j for i � 1, ..., f and j � 1, ..., k so that Bi,j � Bi. Define fk
multisets Si for i � 1, ..., fk so that Spj�1qk�k � Bj,k for j � 1, ..., f and k � 1, ..., k
(that is, the multisets Si are just a way of ordering the multisets Bi,j in one list).
Since f{e ¥ pk � βpG, g, kq � 1q{k, we have fk ¥ epk � βpG, g, kq � 1q. So we
can define epk� βpG, g, kq� 1q multisets B11, ...,B1epk�βpG,g,kq�1q so that B1i � Si for

i � 1, ..., epk � βpG, g, kq � 1q � 1, and

B1epk�βpG,g,kq�1q :�
fk¤

i�epk�βpG,g,kq�1q

Si.

We wish to show that conditions (1)-(5) hold for the positive integers ek and epk�
βpG, g, kq � 1q and the multisets Ai,j and B1i.
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Notice that

epk�βpG,g,kq�1q¤
i�1

B1i �
�
�epk�βpG,g,kq�1q�1¤

i�1

B1i

�
Y B1epk�βpG,g,kq�1q

�
�
�epk�βpG,g,kq�1q�1¤

i�1

Si

�
Y

�
� fk¤
i�epk�βpG,g,kq�1q

Si

�


�
fk¤
i�1

Si �
k¤
j�1

f¤
i�1

Bi,j �
k¤
j�1

e¤
i�1

Ai,j ,

hence condition (1) holds.
Conditions (2) and (3) follow directly from the fact that Ai,j � Ai. For i �

1, ..., epk�βpG, g, kq�1q�1, B1i � Si is equal to Bk for some k � 1, ..., f , and hence±
B1i � g�k. Now we must consider B1epk�βpG,g,kq�1q.

¹
B1epk�βpG,g,kq�1q �

±epk�βpG,g,kq�1q
i�1 p±B1iq±epk�βpG,g,kq�1q�1
i�1 p±B1iq

�
±��epk�βpG,g,kq�1q

i�1 B1i
	

pg�kqepk�βpG,g,kq�1q�1

�
±��k

j�1

�e
i�1 Ai,j

	
g�ek2�ek�k

(recall gβpG,g,kq � 1 )

�
±k
j�1

±e
i�1 p

±
Ai,jq

g�ek2�ek�k

�
�
g1�k

�ek
g�ek2�ek�k

� g�k,

hence condition (4) holds. Condition (5) holds trivially, concluding the proof. �

Throughout the paper, we will also come across the following definition:

Definition 1.3.4. Fix a finite abelian group G and an element g P G. If there
exists n such that for all n1 ¥ n, pG, g, n1q is accepted, then define ωpG, gq to be
the minimum such positive n. Otherwise, define ωpG, gq � 8. Given an ACM M,
define ωpMq :� ωpZ�y , rpsq.

2. General

2.1. Case x � 1.

Lemma 2.1.1. If ordGpgq � k then pG, g, kq is accepted.

Proof. Suppose ordGpgq � k. Then gk � 1G and βpG, g, kq � k. So it suffices to
find k multisets A1, ...,Ak and 2k � 1 multisets B1, ...,B2k�1 such that

(1b)
�k
i�1 Ai �

�2k�1
i�1 Bi

(2b) for i � 1, ..., k,
±

Ai � g, and
(3b) for i � 1, ..., 2k � 1,

±
Bi � 1G.
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(Notice that condition (2) from the definition of an accepted triple vanishes because
the set tg, g2, ..., gβpG,g,kq�ku is empty when βpG, g, kq � k, and condition (5) is
trivially true.)

Let A1 � ... � Ak � ttguu, let B1 �
  
gk
((

, and let B2 � ... � B2k�1 � H. Then
one can easily see that these satisfy conditions (1b)-(3b), completing the proof. �

Theorem 2.1.1. Let β be the least positive integer such that pβ PM . The following
are equivalent:

(i) x � 1
(ii) α � β

(iii) pα � 1 pmod yq
(iv) ρpMq   2

Furthermore, if (i) - (iv) are true, then M has accepted elasticity.

Proof. (i ùñ ii) If x � 1, then pα is the least element of M other than 1. Hence
β � α.

(ii ùñ iii) If α � β, then pα PM , hence pα � 1 pmod yq.
(iii ùñ i) Assume pα � 1 pmod yq. We also know that pαx PM , hence pαx � 1

pmod yq. Since gcd(pαx, y)=1, we have x � 1 pmod yq. Since 0   x ¤ y, we have
x � 1.

(ii ðñ iv) From theorem 2.4 of [2], we know that ρpMq � pα� β � 1q{α. Since
pα divides all elements of M , pα � pβ , hence α ¤ β. Thus ρpMq   2 ðñ α � β.

Thus statements (i)-(iv) are equivalent.
Now, assume that (i)-(iv) are true. Then, from lemma 2.1.1 combined with the

equivalence theorem, M has accepted elasticity. �

2.2. Varying α.

Theorem 2.2.1. If pG, g, kq is accepted, then pG, g, k�mordGpgqq is accepted for
any positive integer m.

Proof. From lemma 2.1.1, the theorem holds if k � ordGpgq. So assume other-
wise. Suppose pG, g, kq is accepted. Then there exists integers e, f and multisets
A1, ...,Ae,B1, ...,Bf of elements of G satisfying conditions (1)-(5) from the defini-
tion of an accepted triple.

We claim that pG, g, k�m ordGpgqq is overaccepted, and that the positive integers
e, f and multisets A1, ...,Ae,B1, ...,Bf satisfy the conditions for over acceptance:

(12)
�e
i�1 Ai �

�f
i�1 Bi

(22) for j � 1, ..., e, Aj has no internal product in 
g, g2, ..., gβpG,g,k�m ordGpgqq�pk�m ordGpgqq

(
(32) for j � 1, ..., e,

±
Aj � g1�pk�m ordGpgqq

(42) for j � 1, ..., f ,
±

Bj � g�pk�m ordGpgqq, and

(52) f
e ¥ pk�m ordGpgqq�βpG,g,k�m ordGpgqq�1

pk�m ordGpgqq
.

Suppose that βpG, g, kq � r ordGpgq � k. Then pr � 1q ordGpgq   k   r
ordGpgq ùñ

pr �m� 1q ordGpgq   k �m ordGpgq   pr �mq ordGpgq,
so βpG, g, k �m ordGpgqq � pr �mq ordGpgq. Thus

βpG, g, kq � k � r ordGpgq � k � βpG, g, k �m ordGpgqq � pk �m ordGpgqq.
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Hence condition (22) follows immediately from the acceptance of pG, g, kq.
It is also clear that (12),(32), and (42) also follow directly from the acceptance

of pG, g, kq. To see that (52) holds, notice that

k � βpG, g, kq � 1

k
¥

pk �m ordGpgqq � βpG, g, k �m ordGpgqq � 1

k �m ordGpgq
ðñ

k � r ordGpgq � 1

k
¥

pk �m ordGpgqq � pr �mq ordGpgq � 1

k �m ordGpgq
ðñ

r ordGpgq � 1

k
¥

pr �mq ordGpgq � 1

k �m ordGpgq
ðñ

pr ordGpgq � 1qpk �m ordGpgqq ¥ ppr �mq ordGpgq � 1qk ðñ

pr ordGpgq � 1qm ordGpgq ¥ m ordGpgqk ðñ

r ordGpgq � 1 ¥ k,

which is true because r ordGpgq ¡ k and both sides are integers. �

Theorem 2.2.2. If pG, g, 1q is accepted, then pG, g, kq is accepted for any positive
integer k.

Proof. Suppose pG, g, 1q is accepted. Then, by definition, De, f P N and multisets
A1, ...,Ae,B1, ...,Bf of elements of G such that

(1c)
�e
i�1 Ai �

�f
i�1 Bi

(2c) for j � 1, ..., e, Aj has no internal product in
 
g, g2, ..., gordGpgq�1

(
(3c) for j � 1, ..., e,

±
Aj � 1G (the identity)

(4c) for j � 1, ..., f ,
±

Bj � g�1, and
(5c) f{e � ordGpgq,

since βpG, g, 1q � ordGpgq.
By theorem 2.2.1, it suffices to only consider 1 ¤ k ¤ ordGpgq. Then βpG, g, kq �

ordGpgq. For i � 1, ..., e, j � 1, ..., k, define Ai,j � Ai Y
  pg�1qpk�1q

((
(that is, the

single element g�1 with multiplicity k�1). For i � 1, ..., f , define B1i �
�k
j�1 Bi (the

union of k copies of Bi), and for i � f � 1, ..., f � epk� 1q, define B1i �
  pg�1qpkq((.

Then it suffices to show that

(1d)
�e
i�1

�k
j�1 Ai,j �

�f�epk�1q
i�1 B1i

(2d) for i � 1, ..., e, j � 1, ..., k, Ai,j has no internal product in
!
g, g2, ..., gordGpgq�k

)
(3d) for i � 1, ..., e, j � 1, ..., k,

±
Ai,j � g1�k

(4d) for i � 1, ..., f � epk � 1q, ±B1i � g�k, and
(5d) pf � epk � 1qq{pekq � pk � ordGpgq � 1q{k.
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Observe that

e¤
i�1

k¤
j�1

Ai,j �
e¤
i�1

k¤
j�1

�
Ai Y

!!
pg�1qpk�1q

))	

�
�

k¤
j�1

e¤
i�1

Ai

�
Y
!!
pg�1qpekpk�1qq

))

�
�

k¤
j�1

f¤
i�1

Bi

�
Y
�
�epk�1q¤

k�1

!!
pg�1qpkq

))� (by (1c))

�
�

f¤
i�1

B1i

�
Y
�
�f�epk�1q¤

i�f�1

B1i

�


�
f�epk�1q¤

i�1

B1i,

hence condition (1d) holds.
Next, we will show that (2d) holds by contradiction. Assume that (2d) does not

hold. Then for some i P t1, ..., eu and j P t1, ...ku, there exists S � Ai,j such that±
S P tg, g2, ..., gordGpgq�ku. So let

±
S � gδ for δ P t1, ..., ordGpgq � ku. Since

Ai,j � AiY
  pg�1qpk�1q

((
, we can write S � S 1Y  pg�1qpγq(( for some S 1 � Ai and

some γ P t0, ..., k � 1u. Since
±

S �±
S 1

±  pg�1qpγq((, we have

¹
S 1 �

¹
S
�¹!!

pg�1qpγq
))	�1

� �
gδ
� pgγq

� gγ�δ.

However, since 1 ¤ γ � δ ¤ ordGpgq � 1, this contradicts condition (2c). Therefore
condition (2d) holds.

To see that condition (3d) holds, notice that¹
Ai,j �

¹�
Ai Y

!!
pg�1qpk�1q

))	
�

¹
Ai

¹!!
pg�1qpk�1q

))
� g1�k

by (3c).
To see that condition (4d) holds, notice that for i � 1, ..., f ,

¹
B1i �

¹�
k¤
j�1

Bi

�

�
k¹
j�1

�¹
Bi
	

� �
g�1

�k � g�k
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by (4c), and, for i � f � 1, ..., f � epk � 1q,¹
B1i �

¹�!!
pg�1qpkq

))	
� g�k.

Finally, notice that pf � epk � 1qq{pekq � pe ordGpgq � epk � 1qq{pekq � pk �
ordGpgq � 1q{k. Hence condition (5d) holds, completing the proof. �

3. Cyclic Unit Group

3.1. Case d   c. In this section, we will assume Z�y is cyclic. Define d :� ordyppq
and c :� φpyq{d. We will also define α to be the residue of α modulo d contained
in t1, 2, ..., du.
Theorem 3.1.1. M has accepted elasticity iff pZcd, xcy, αq is accepted.

Proof. From the equivalence theorem, we know that M has accepted elasticity iff
pZ�y , rps, αq is accepted. Then, from the isomorphism theorem, it suffices to show

that there exists an isomorphism ψ : Z�y Ñ Zcd such that ψprpsq � xcy.
Let rgs be a generator of Z�y , and let rps � rgsk. The order of rgs modulo y

is φpyq � cd, and the order of rps modulo y is d. Then rgskd � rpsd � r1s ùñ
cd � kd ùñ c � k. So let k � cm. Let b � gcd(m, d). Then rpsd{b � rgscdm{b �
r1s ùñ d � d{b ùñ b � gcd(m, d) = 1. Let the prime factorization of c be

pe11 � � � pess qf11 � � � qftt , where each pi divides d and each qi does not divide d. Let c1 �
pe11 � � � pess and let c2 � qf11 � � � qftt . Then c � c1c2 and gcd(c1,m) = gcd(c2, d) = 1.
Choose n such that nd � 1�m pmod c2q. Let rhs � rgsm�nd. Then gcd(m�nd, d)
= gcd(m, d) = 1. This also tells us that gcd(m�nd, c1)=1. Furthermore, m�nd � 1
pmod c2q, so gcd(m � nd, c2) = 1. Hence gcd(m � nd, cd)=1. Therefore, if rhsr �
rgsrpm�ndq � r1s, then cd � rpm�ndq ùñ cd � r. Hence the order of rhs must equal
cd, and rhs is a generator of Z�y . Furthermore, rhsc � rgscpm�ndq � rgscm � rps.
Thus, if ψ takes rhs to x1y, then ψ is an isomorphism taking rps to xcy. �

Theorem 3.1.2. If ordyppq  
a
φpyq then M has accepted elasticity.

Proof. The condition that ordyppq  
a
φpyq is equivalent to saying d   c. From

theorem 3.1.1 and theorem 2.2.2, it suffices to show that pZcd, xcy, 1q is accepted.
For j � 1, ..., d, let Aj �

  x1� jcypdq, xjc� 1ypdq(( containing d copies of x1�jcy
and d copies of xjc� 1y. Also let

B1 � ... � Bd � ttx�1y, x1� cyuu
Bd�1 � ... � B2d � ttx�1� cy, x1� 2cyuu
B2d�1 � ... � B3d � ttx�1� 2cy, x1� 3cyuu

...
...

...

Bpd�1qd�1 � ... � Bd2 � ttx�1� pd� 1qcy, x1� dcyuu
Then

°
Aj � x0y for each Aj and

°
Bj � x�cy for each Bj . Also,

d¤
i�1

Ai �
d¤
j�1

!!
x1� jcypdq

))
Y

d¤
j�1

!!
xjc� 1ypdq

))
�

d2¤
i�1

Bi.

Furthermore, βpZcd, xcy, 1q � ordpxcyq � d. Therefore, conditions (1), (3), (4), and
(5) of the definition of an accepted triple are satisfied.
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All that remains is to prove, for any j � 1, ..., d, that Aj has no internal sum in

txcy, x2cy, ..., xpd�1qcyu. Any submultiset of Aj is of the form
  x1� jcypsq, xjc� 1yptq((,

with s, t ¤ d   c. This submultiset has a sum of sx1 � jcy � txjc � 1y �
xjcpt�sq�ps�tqy. Thus, if this internal sum were to be in txcy, x2cy, ..., xpd�1qcyu,
then we would have c � s � t. But since s, t are nonegative and less than c, we
have s� t � 0, so

  x1� jcypsq, xjc� 1yptq(( would have a sum of 0. Thus Aj has no
internal sum in txcy, x2cy, ..., xpd � 1qcyu, and pZcd, xcy, 1q is accepted, completing
the proof. �

3.2. c and d Relatively Prime.

Theorem 3.2.1. If c and d are relatively prime, then M has accepted elasticity iff
pZc � Zd, x0, 1y, αq is accepted.

Proof. From 3.1.1 and the isomorphism theorem, it suffices to show that there is
an isomorphism from Zcd to Zc � Zd taking xcy to x0, 1y. The chinese remainder
theorem tells us that the map ψ : Zcd Ñ Zc � Zd defined by xny ÞÑ xn, ny is
an isomorphism. Let c1 be an integer such that cc1 � 1 pmod dq. Then the map
π : Zc � Zd Ñ Zc � Zd defined by xs, ty ÞÑ xs, c1ty is an automorphism, since it
has the inverse π�1 : xs, ty ÞÑ xs, cty. Thus the map π � ψ : Zcd Ñ Zc � Zd is an
isomorphism taking xcy to xc, cc1y � x0, 1y. �

Lemma 3.2.1. If gcd(c, d) = 1, α ¤ d and d ¤ αc � α, then M has accepted
elasticity.

Proof.

d ¤ αc� α

d   cα� α� 1

α� d� 2   cα� 1

αd� α� d2 � 2d� 1   cdα� d� α� 1
α� d� 1

α
  cdα� d� α� 1

αpd� 1q .

We will show that Zc � Zd, x0, 1y, α is overaccepted by showing that there are
positive integers e, f and multisets A1, ...,Ae,B1, ...,Bf which satisfy conditions

(1)-(4) and, additionally, f{e can be arbitrarily close to cdα�d�α�1
αpd�1q . This will

ensure that condition p5q will hold.
Let n be any nonnegative integer. Let k be a positive integer such that kc�d�1 ¥

0. Define

A1,1 � � � � � A1,αpd�1qn �
!!
x�1,�αypc�1q, x1, αypc�1q, x0,�1ypα�1q

))
A2,1 � � � � � A2,α �

!!
x1, 0ypcpc�1qknq, x0,�1ypα�1q

))
B1,1 � � � � � B1,αpc�1qpd�1qn � ttx�1,�αy, x1, 0yuu

B2,1 � � � � � B2,αpc�1qn �
!!
x1, αypd�1q, x1, 0ypkc�d�1q

))
B3,1 � � � � � B3,pα�1qr1�pd�1qns �

!!
x0,�1ypαq

))
.

Then we have ¤
A �

¤
B �
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!!
x�1,�αypαpc�1qpd�1qnq, x1, αypαpc�1qpd�1qnq, x0,�1ypαpα�1qr1�pd�1qnsq, x1, 0ypαcpc�1qknq

))
,

so condition (1) holds.
We will show that condition (2) holds by contradiction. Assume that A1,i has an

internal sum in tx0, 1y, ..., x0, d � αyu. Then there is a submultiset S � A1,i such that°
S � x0, γy for some γ P t1, ..., d� αu. S must be of the form!!

x�1,�αypm1q, x1, αypm2q, x0,�1ypm3q
))

where m1,m2,m3 P Z¥0, m1,m2 ¤ c�1, and m3 ¤ α�1. Looking at the first coordinate
of
°

S yields m2 �m1 � 0 pmod cq, and the restrictions on m1 and m2 yield m1 � m2.
Hence

°
S � x0,�m3y P tx0, 1y, ..., x0, d� αyu, and therefore m3 ¥ α, contradiction.

Now assume that A2,i has an internal sum of x0, γy for some γ P t1, ..., d � αu. Then
there is some submultiset S P B2,i such that

°
S � x0, γy. S must be of the form!!

x1, 0ypm1q, x0,�1ypm2q
))
.

Here m2 ¤ α� 1. But looking at the second coordinate of
°

S yields m2 ¥ α, contradic-
tion. Therefore, condition (2) holds.

It is straightforward to check that conditions (3) and (4) also hold. Finally, we will
show that as n gets large, f{e approaches cdα�d�α�1

αpd�1q
. We have

f

e
�

pαpc� 1qpd� 1qnq � pαpc� 1qnq � ppα� 1qr1� pd� 1qnsq

pαpd� 1qnq � pαq

Ñ
αpc� 1qpd� 1q � αpc� 1q � pα� 1qpd� 1q

αpd� 1q

�
cdα� d� α� 1

αpd� 1q

as n approaches infinity. This completes the proof. �

Theorem 3.2.2. If gcd(c, d) = 1 and α ¡ d
c , then M has accepted elasticity.

Proof. From theorem 2.2.1, it suffices to assume that d
c ¤ α ¤ d. Then β � d. If

c � 1, then α � d and we can apply theorem 2.1.1, so assume c ¥ 2. From the
above lemma, we know that the elasticity is accepted when d ¤ αc� α, so assume
αc� α   d ¤ αc. But since c ¥ 2, and gcd(c, d) = 1, d � αc. Thus d � αc� w for
some w P t1, ..., α � 1u. From theorem 3.2.1 and theorem 1.3.4, it suffices to show
that pZc � Zd, x0, 1y, αq is overaccepted in these cases.

Let’s first examine the case where d � αc� pα� 1q. This means that α�β�1
α �

α�αc�pα�1q�1
α � c. Choose n P Z¡0 and define e � αn� pα� 1q � 1, f � αnp2c�

1q � n� pα� 1q, and

A1 �   x0,�1yα�1, x�1, 0y2cn((
A2,1 � � � � � A2,α�1 �   x0, 1� αy, x�1, 0y2cn((

A3 � � � � � A3,αn �   x1,�αy2c�1, x1,�1y((
B1,1 � � � � � B1,α�1 � ttx0,�1y, x0, 1� αyuu

B2,1 � � � � � B2,αnp2c�1q � ttx1,�αy, x�1, 0yuu
B3,1 � � � � � B3,n � ttx1,�1yα, x�1, 0yαuu

To see that condition (1) holds, notice¤
A �

¤
B

�
!!
x0,�1yα�1, x0, 1� αyα�1, x�1, 0y2αcn, x1,�αyαnp2c�1q, x1,�1yαn

))
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Next we will show that condition (2) holds. Notice that for A1, the second
component of any internal sum will always be between 0 and �pα� 1q, and hence
can never be in tx0, 1y, ..., x0, d� αyu. The same is true for each A2,i.

We will use two cases of proof by contradiction to prove that condition (2) holds
for each A3,i. Assume that DS � A3,i such that

°
S P tx0, 1y, ..., x0, d � αyu. For

Case 1, say S � ttx1,�αysuu, and that
°

S � x0, ry, where 1 ¤ r ¤ d � α. This
summation gives the relationship sx1,�αy � x0, ry meaning that s � 0 pmod cq
and �sα � r pmod dq, where 0 ¤ s ¤ 2c� 1. The first congruence yields s � 0 or
s � c. We know that s � 0 because then 0 � r pmod dq and that contradicts the
bound of r. If s � c then¸

S � xc,�αcy
� xc,�αc� αc� pα� 1qy
� xc, 1� αy

We now have the second component of the order pair as 1 � α, which contradicts
the bound of r. So therefore case 1 holds.

For case 2 say S � ttx1,�αys, x1,�1yuu, and that
°

S � x0, ry, where 1 ¤ r ¤
d � α. Here, the summation gives the relationship sx1,�αy � x1,�1y � x0, ry
meaning

s� 1 � 0 pmod cq ñ s � �1 pmod cq
and

�sα� 1 � r pmod dq.
The first congruence yields s � c� 1 or s � 2c� 1. By plugging in the values of s
into the second congruence, we have

�αc� α� 1 � r pmod dq ñ �pα� 1q � α� 1 � r pmod dq
ñ 0 � r pmod dq

or

�2αc� α� 1 � r pmod dq ñ �2pα� 1q � α� 1 � r pmod dq
ñ �2α� 2� α� 1 � r pmod dq
ñ �α� 1 � r pmod dq.

Here we use the fact that αc � α�1 pmod dq because d | αc�pα�1q. Furthermore,
since α ¥ 1, both of these congruences are outside the range of 1 ¤ r ¤ d� α. As
a result, case 2 holds. We have thus proven that condition (2) is true.

To see that condition (3) holds as true, notice that¸
A1 � pα� 1qx0,�1y � p2cnqx�1, 0y

� x�2cn, 1� αy
� x0, 1� αy

and ¸
A2,i � x0, 1� αy � p2cnqx�1, 0y

� x�2cn, 1� αy
� x0, 1� αy
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and ¸
A3,i � p2c� 1qx1,�αy � x1,�1y

� x2c,�2cα� α� 1y
� x2c,�2pα� 1q � α� 1qy
� x0, 1� αy.

Similarly, condition (4) holds true because¸
B1,i � x0,�1y � x0, 1� αy

� x0,�αy
and ¸

B2,i � x1,�αy � x�1, 0y
� x0,�αy

and ¸
B3,i � pαqx1,�1y � pαqx�1, 0y

� x0,�αy.
Finally, to prove condition p5q we use limnÑ8

f
e . Notice that by substituting in

the values of e and f we have

lim
nÑ8

αnp2c� 1q � n� pα� 1q
αn� pα� 1q � 1

� αp2c� 1q � 1

α

� 2c� 1� 1

α
¡ c

Therefore, there exists an n large enough so that f
e ¥ c. By showing that conditions

(1)-p5q hold true, we have proven that pZc � Zd, x0, 1y, αq is overaccepted for the
d � αc�pα� 1q case. Therefore, by theorem 1.3.4, the elasticity of M is accepted.

We now are left with the final case d � αc�w, where 1 ¤ w ¤ α� 2. Again we
will prove accepted elasticity by showing that pZc � Zd, x0, 1y, αq is overaccepted.

Observe that α�β�1
α � α�αc�w�1

α � c � 1 � w�1
α . Again choose some n P Z¡0.

Next, define m such that mw ¥ α, but pm� 1qw   α. Define e � pwm�α� 1qn�
1� pα� 1q � pα� 1qn, f � pmc� 1qpα� 1qn� pα� 1qn� pα� 1q, and

A1,1 � � � � � A1,pwm�α�1qn�1 �   x0,�1yα�1
((

A2,1 � � � � � A2,α�1 � ttx0, 1� αy, x�1, 0ymcnuu
A3,1 � � � � � A3,αn �   x1,�αymc�1, x1, wm� 2α� 1y((
B1,1 � � � � � B1,α�1 � ttx0,�1y, x0, 1� αyuu

B2,1 � � � � � B2,pmc�1qpα�1qn � ttx1,�αy, x�1, 0yuu
B3,1 � � � � � B3,pα�1qn �   x�1, 0y, x1, wm� 2α� 1y, x0,�1ywm�α�1

((
To see that condition (1) holds, notice that¤

A �
¤

B �
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x0,�1ypα�1qrpwm�α�1qn�1s, x0, 1� αyα�1, x�1, 0ymcnpα�1q

))
Y!!

x1,�αyαnpmc�1q, x1, wm� 2α� 1yαn
))
.

Next we will show that condition (2) holds. Notice that for each A1,i and A2,i,
the second coordinate of any internal sum will always be between 1�α and 0, and
hence there will be no internal sum in tx0, 1y, ..., x0, d � αyu. Once again, we will
use two cases of proof by contradiction to prove that condition (2) holds for each
A3,i. Assume that DS � A3,i such that

°
S P tx0, 1y, ..., x0, d� αyu. For case 1 say

S � ttx1,�αysuu, and that
°

S � x0, ry, where 1 ¤ r ¤ d � α. This summation
gives the relationship sx1,�αy � x0, ry meaning that s � 0 pmod cq and �sα � r
pmod dq, where 0 ¤ s ¤ mc� 1. Thus s � tc for some 0 ¤ t ¤ m� 1. Hence¸

S � xc,�αtcy
� x0,�twy,

since αc � w pmod dq. But we have 0 ¤ tw ¤ pm � 1qw   α, hence x0,�twy R
tx0, 1y, ..., x0, d� αyu. Therefore, case 1 holds.

For case 2, say S � ttx1,�αys, x1, wm� 2α� 1yuu and
°

S � x0, ry, where 1 ¤
r ¤ d�α. Here, the summation gives the relationship sx1,�αy�x1, wm�2α�1y �
x0, ry, so

s� 1 � 0 pmod cq Ñ s � �1 pmod cq
and

�sα� wm� 2α� 1 � r pmod dq
where 0 ¤ s ¤ mc� 1. Let s � tc� 1, where 1 ¤ t ¤ m. By plugging in this value
of s into the congruence of r pmod dq, we have

ñ α� tcα� wm� 2α� 1.

Since αc � w pmod dq we have

ñ α� tw � wm� 2α� 1

ñ wpm� tq � 1� α

This gives the inequality

0 ¤ wpm� tq   αðñ 1� α ¤ wpm� tq � 1� α   1

which is outside the bound of 1 ¤ r ¤ d�α. As a result, case 2 holds and condition
(2) is true.

To see that condition (3) holds, notice that¸
A1,i � pα� 1qx0,�1y

� x0, 1� αy
and ¸

A2,i � x0, 1� αy � pmcnqx�1, 0y
� x�mcn, 1� αy
� x0, 1� αy
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and ¸
A3,i � pmc� 1qx1,�αy � x1, wm� 2α� 1y

� xmc,�mcα� α� wm� 2α� 1y
� xmc,�mw � wm� α� 1y
� xmc, 1� αy
� x0, 1� αy.

Similarly, condition (4) holds because¸
B1,i � x0,�1y � x0, 1� αy

� x0,�αy
and ¸

B2,i � x1,�αy � x�1, 0y
� x0,�αy

and ¸
B3,i � x�1, 0y � x1, wm� 2α� 1y � pwm� α� 1qx0,�1y

� x0, wm� wm� 2α� α� 1� 1y
� x0,�αy.

Finally, to prove condition p5q we will use limnÑ8
f
e . Notice that by substituting

in the previously stated values of e and f we have

lim
nÑ8

pmc� 1qpα� 1qn� pα� 1qn� pα� 1q
pwm� α� 1qn� 1� pα� 1q � pα� 1qn � mcpα� 1q

wm

� cpα� 1q
w

Therefore, there exists an n large enough so that f
e ¥ c� 1� w�1

α because

cpα� 1q
w

¡ c� 1� w � 1

α
ðñ

c� pα� w � 1qc
w

¡ c� pα� w � 1q
α

ðñ
pα� w � 1qc

w
¡ pα� w � 1q

α
.

The last inequality holds because α ¡ w, c ¡ 0, and α�w�1 ¡ 0, hence condition
p5q holds true. Thus pZc � Zd, x0, 1y, αq is overaccepted for the d � αc � w case,
completing the proof. �

3.3. Fixing c.

3.3.1. The Case c � 1. The condition that c � 1 is equivalent to p being a primitive
root modulo y. The conditions for when these ACMs have accepted elasticity
have already been proven in [3]. We restate the proof using our new notation and
machinary.

Lemma 3.3.1. For any integer n ¥ 3, and any integer k such that k pmod 2nq P
tn� 1, ..., 2nu, pZ2n, x1y, kq is accepted.
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Proof. From theorem 2.2.1, we may assume that k P tn� 1, ..., 2nu. Let

A1 � � � � � Ak�1 �
!!
x�1ypk�1q

))
Ak �

!!
xnyp8n

2�1q, xn� 1� ky
))

B1 � � � � � Bk�2n�2 �
!!
x�1ypk�nq, xny

))
Bk�2n�1 �

!!
x�1ypk�1q2�pk�nqpk�2n�2q, xny8n

2�k�2n�3, xn� 1� ky
))
.

It is clear that each Ai is well-defined. B1, ...,Bk�2n�2 are each well-defined because
k ¡ n. To show that Bk�2n�1 is well-defined, we must show that pk � 1q2 � pk �
nqpk � 2n� 2q ¥ 0 and 8n2 � k � 2n� 3 ¡ 0. For the former, we have

pk � 1q2 � pk � nqpk � 2n� 2q � k2 � 2k � 1� rk2 � 2nk � 2k � nk � 2n2 � 2ns

� 2n2 � 2n� 1� nk

� np2n� 2� kq � 1

¥ npn� 1� kq � 1 ¡ 0,

because 2n� 2 ¥ n� 1 when n ¥ 3. For the latter, we have

8n2 � k � 2n� 3 ¥ 8n2 � 3n� 3

� 8npn� 3

8
q � 3

¡ 0,

again because n ¥ 3. Thus each of these multisets is well defined. We claim that
these multisets satisfy conditions (1)-(5) from the definition of an accepted triple.

k¤
i�1

Ai �
!!
x�1ypk�1q2 , xnyp8n2�1q, xn� 1� ky

))
�
k�2n�1¤
i�1

Bi,

proving that condition (1) holds.
Notice that βpZ2n, x1y, kq � 2n because k ¤ 2n. So condition (2) amounts to

showing that no Ai has an internal sum in tx1y, ..., x2n � kyu. For i � 1, ..., k � 1,
this is clear because the only internal sums are x�1y, x�2y, ..., x�pk � 1qy. For Ak,
the only internal sums are x1 � ky and xn � 1 � ky. The former is clearly not
in tx1y, ..., x2n � kyu. To see that the same is true for xn � 1 � ky, notice that
n� 1 ¤ k ¤ 2n ùñ 1� n ¤ n� 1� k ¤ 0 ùñ xn� 1� ky P txn� 1y, ..., x2nyu.
Since 2n� k   n, xn� 1� ky R tx1y, ..., x2n� kyu. Hence condition (2) holds.

It is easy to see that condition (3) holds, and that condition (4) holds for
B1, ...,Bk�2n�2. We also have that¸

Bk�2n�1 �

rpk � 1q2 � pk � nqpk � 2n� 2qsx�1y � p8n2 � k � 2n� 3qxny � xn� 1� ky

� xrpk � nqpk � 2q � pk � 1q2s � rnp3� kqs � rn� 1� ksy

� xk2 � nk � 2k � nk � k2 � 2k � 1� 3n� nk � n� 1� ky

� x�2nk � 2n� ky

� x�ky,

hence condition (4) holds for all Bi. Finally, since βpZ2n, x1y, kq � 2n, condition
(5) holds, and pZ2n, x1y, kq is accepted. �
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Corollary 3.3.1. For any M with Z�y cyclic, if d ¥ 6, d is even, and α ¡ d
2 , then

M has accepted elasticity.

Proof. We know that M has accepted elasticity if pZcd, xcy, αq is accepted, and we
can apply the reduction and isomorphism theorems to the group generated by xcy
to see that M has accepted elasticity if pZd, x1y, αq has accepted elasticity. �

Theorem 3.3.1. Assume c � 1 and α � d. Then M has accepted elasticity iff

(I) d ¥ 6 and
(II) α ¡ d{2.

Proof. The if statement follows directly from the above corollary. We will prove
the only if statement. From theorem 3.1.1, this amounts to showing that if either
(I) or (II) is false, then pZd, x1y, αq is not accepted.

First suppose that (II) is false. Let positive integers e, f and multisets A1, ...,Ae,
B1, ...,Bf satisfy conditions (1)-(4) from the definition of an accepted triple. Then
we will show that condition (5) will not be satisfied.

Define a function v : Zd Ñ Z by vpx�nyq � n for n � 0, 1, ..., d�1. For a multiset
S of elements of Zd, let vpSq � °

sPS vpsq. Notice that vpSq � vp°Sq pmod dq.
Since no Ai has an internal sum in tx1y, ..., xβ�αyu, there is no submultiset S � Ai

such that vpSq � α, α�1, ..., d�1. Furthermore, for any a P Ai, vpaq P t0, 1, ..., α�
1u. Since we are assuming α ¤ d

2 , we have 2pα� 1q   d, hence it is impossible for
vpAiq to be more than α� 1. Since vpAiq � vpx1� αyq � α� 1 pmod dq, we have
vpAiq � α � 1 for each Ai. Furthermore, since vpBiq � vpx�αyq � α pmod dq, we
have vpBiq ¥ α for each Bi. Thus we have

v

�
e¤
i�1

Ai

�
� v

�
f¤
i�1

Bi

�

ȩ

i�1

vpAiq �
f̧

i�1

vpBiq

epα� 1q ¥ fα ùñ
f

e
¤ α� 1

α
  1 ¤ 1� β � 1

α
,

since α   β by theorem 2.1.1. Thus condition (5) cannot hold, and pZd, x1y, αq is
not accepted.

All that remains is to consider when (II) holds but (I) does not. From number
theory, we know that d � 1 or d is even. Combined with the restrictions that
d   6 and d

2   α   d, the only remaining case to check is d � 4 and α � 3.
Suppose that the integers e, f and multisets A1, ...,Ae,B1, ...,Bf satisfy conditions
(1)-(5) from the definition of an accepted triple. Then f{e � 2. Since

°
Bi � x1y,

each Bi contains an odd element. Since no Ai has an internal sum of x1y, each Bi
contains a x3y. Since 3x3y � x1y, each Ai contains at most 2 copies of x3y, and
since each f{e � 2, each Ai contains exactly 2 copies of x3y. Then no Ai contains
a x2y because x3y � x2y � x1y. Hence each Bi contains exactly one x3y and no x2y
or x1y, contradicting the fact that

°
Bi � x1y. Thus pZd, x1y, αq is not accepted,

completing the proof. �

Corollary 3.3.2. If c � 1 and d ¡ 1, then ωpMq � 8.
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Proof. If d ¡ 1, then 1 ¤ d
2 , hence pZ�y , rps, αq is not accepted when α � 1. Thus,

ωpZ�y , rpsq � 8. �

3.3.2. The Case c � 2.

Theorem 3.3.2. If c � 2 and α ¡ d{2 then M has accepted elasticity.

Proof. If d is odd, then this follows directly from theorem 3.2.2. If d is even, and
d ¥ 6, then this follows from corollary 3.3.1. If d � 2, then α � 2, and acceptance
follows from theorem 2.1.1. If d � 4, then we would have φpyq � 8, which is not
true for any integer y, hence the proof is complete. �

Theorem 3.3.3. If c � 2, d is even, and

α   1�?
4d� 3

2

then M does not have accepted elasticity.

Proof. First, observe that

0   pd� 1q2 � 1

0   d2 � 2d� 2

4d� 3   d2 � 2d� 1?
4d� 3   d� 1

1�?
4d� 3

2
  d� 2

2

1�?
4d� 3

2
¤ d

2
,

so α ¤ d
2 .

Claim: let A be a muliset of elements of Z2dztx0yu such that A has no internal
sum in tx2y, x4y, ..., x2pd� αqyu. Then |A| ¤ 2α.

To prove this, we will use strong induction on α. For α � 1, A contains no
evens. If there are three distinct odds, say a1, a2, a3, then either a1 � a2 or a1 � a3
is contained in tx2y, x4y, ..., x2pd�αqyu, so A contains at most two distinct odds. If
A contains two copies of the same element, say a, then 2a � x0y which means a � 0
or d, and hence a is even, contradiction. Thus |A| ¤ 2, completing the base case.

Now, assume that the claim holds for α � 1, ..., k � 1, with k ¤ d
2 . Assume that

there is some multiset A of elements of Z2dztx0yu such that A has no internal sum
in tx2y, x4y, ..., x2pd� kqyu and |A| ¥ 2k � 1.

Assume that A contains an even element. Then for some m P t1, ..., k � 1u,
x�2my P A. Let A1 � Az ttx�2myuu. If A1 had an internal sum in

tx2rpd� kq � 1sy, ..., x2rpd� kq �msyu,
then A would have an internal sum in

tx2rpd� kq �m� 1sy, ..., x2pd� kqyu.
Since m ¤ k � 1 and k ¤ d

2 , we have m� k ¤ 2k � 1   d, so pd� kq �m� 1 ¡ 1.
Thus 1   pd�kq�m�1   d�k. Hence A has no internal sum in tx2rpd�kq�m�
1sy, ..., x2pd�kqyu, so A1 has no internal sum in tx2rpd�kq�1sy, ..., x2rpd�kq�msyu.
Since A1 � A, it also has no internal sums in tx2y, ..., x2pd � kqyu. Thus A1 has
no internal sum in tx2y, ..., x2rpd � kq �msyu. Thus, by the inductive hypothesis,
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|A1| ¤ 2pk�mq, and therefore |A| ¤ 2k� 2m� 1 ¤ 2k� 1   2k� 1, contradiction.
So A contains no even elements.

Suppose A contains three distinct odds, say a1, a2, a3. Then a1�a2, a1�a3, and
a2�a3 are three distinct elements of tx0y, x�2y, ..., x�2pk�1qyu, so we may assume
that k ¡ 2. Let A2 � Az tta1, a2, a3uu. Since tta1, a2, a3uu contains an internal sum
of x�2my for some 2 ¤ m ¤ k� 1. Thus, by the same argument as in the previous
paragraph, |A2| ¤ 2pk�mq ùñ |A| ¤ 2k�2m�3 ¤ 2k�1   2k�1, contradiction.
So A contains at most two distinct elements, both odd.

Let A �
!!
a
pn1q
1 , a

pn2q
2

))
where a1, a2 are odd and n1 � n2 ¥ 2k � 1. Let S1 �!!

a
pn1q
1

))
and S2 �

!!
a
pn2q
2

))
. Neither Si can contain a nontrivial internal sum of

x0y, for, if it did, let s be the minimal element of t1, ..., niu such that sai � x0y.
Then s must be even, and s

2ai � xdy. But since k ¤ d
2 , xdy P tx2y, ..., x2pd � kqyu,

so A can’t have an internal sum of xdy, contradiction. Additionally, neither Si
can have two multisubsets with the same sum, for if D0 ¤ s   t ¤ ni such that
asi � ati, then at�si � x0y is a nontrivial interal sum of Si, contradiction. Therefore,
each Si has ni distinct nonzero internal sums, tni

2 u of them even. Thus, by the
pigeonhole principle, one of these internal sums must lie in tx�2tni

2 uy, ..., x�2pk �
1qyu. Since n1 � n2 � 2k� 1, we have tn1

2 u� tn2

2 u ¥ k, so A has an internal sum in
tx�2ky, ..., x�2p2k � 2qyu � tx2y, ..., x2pd� kqyu, contradiction. This completes the
proof of the claim.

Now, we will show that pZ2d, x2y, αq is not accepted. Assume that this triple
is accepted, and that the integers e, f and multisets A1, ...,Ae,B1, ...,Bf satisfy
conditions (1)-(5) from the definition of an accepted triple. By the claim, then, we
know that each Ai contains at most 2α nonzero elements. Since

°
Bi � x�2αy,

but Ai can’t have an internal sum of x�2αy, each Bi needs at least two nonzero
elements. Thus, f{e ¤ α ùñ

α ¥ α� d� 1

α

α2 ¥ α� d� 1

α2 � α� 1� d ¥ 0

α ¥ 1�?
4d� 3

2
,

completing the proof. �

Theorem 3.3.4. If c � 2, d is odd, and

α  
?
d� 1

then M does not have accepted elasticity.

Proof. Let α   ?
d� 1, c � 2, d odd. Because the theorem is vacuously true if

d � 1, we will assume d ¥ 3. First observe that

pd� 2q2 ¥ 0

d2 � 4d� 4 ¥ 0

d2

4
¥ d� 1

d

2
¥

?
d� 1.
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Thus α   d
2 .

We must show that pZc � Zd, x0, 1y, αq is not accepted. Define g : Zc � Zd Ñ Z
by taking an element xs, ty to the element of t0, 1, ..., d � 1u that is congruent to
t modulo d. Given a multiset S of elements of Zc � Zd, define gpSq � °

sPS gpsq.
Notice that gpSq � gp°Sq pmod dq.

Claim: If A is a multiset of elements of Zc � Zd with no internal sum in
tx0, 1y, ..., x0, α� dyu, then gpAq ¤ pα� 1qpd� 1q.

We will prove this claim by induction on α. Suppose α � 1. Call an element
of Zc � Zd � Z2 � Zd type 0 if its first coordinate is 0 and type 1 if its first
coordinate is 1. If A has no restricted sums in tx0, 1y, ..., x0, d � 1yu, then its only
type 0 element is x0, 0y. Suppose A had three type 1 elements, a1, a2, and a3.
Then a1 � a2 � a1 � a3 � x0, 0y ùñ a2 � a3, and a2 � a3 � x0, 0y ùñ 2a2 �
x0, 0y ùñ a1 � a2 � a3 � x1, 0y. Thus if A has three type 1 elements, gpAq � 0.
Thus, A can have at most two elements with a nonzero g-value, and therefore
gpAq ¤ 2pd� 1q � pα� 1qpd� 1q.

Suppose that the claim holds for α � 1, ..., k � 1, where k ¤ d
2 . For the sake of

contradiction, suppose that there is some multiset A of elements of Zc � Zd such
that A has no internal sums in tx0, 1y, ..., x0, d� kyu and gpAq ¡ pk � 1qpd� 1q.

Suppose A contains a nonzero type 0 element x0,�sy for some s P t1, ..., k � 1u.
Let A1 � Az ttx0,�syuu. Then A1 has no internal sum in tx0, 1y, ..., x0, d � k � syu.
Thus by the inductive hypothesis applied to α � k � s, we have gpA1q ¤ pk � s �
1qpd� 1q ùñ gpAq ¤ pk � s� 2qpd� 1q ¤ pk � 1qpd� 1q, contradiction. Thus all
nonzero elements of A are type 1.

Suppose A contains three distinct type 1 elements, a1, a2, a3. Then a1�a2, a1�
a3, a2 � a3 are three distinct elements of tx0, 0y, x0,�1y, ..., x0,�pk � 1qyu. Let
A2 � Az tta1, a2, a3uu. If x0,�sy P ta1� a2, a1� a3, a2� a3u, then, by the argument
in the above paragraph, gpA2q ¤ pk� s� 1qpd� 1q ùñ gpAq ¤ pk� s� 4qpd� 1q.
We also have pk � s � 4qpd � 1q ¤ pk � 1qpd � 1q if s ¥ 3. Hence it must be that
ta1 � a2, a1 � a3, a2 � a3u � tx0, 0y, x0,�1y, x0,�2yu. But then, solving, we get
ta1, a2, a3u � tx0, d�1

2 y, x0, d�1
2 y, x0, d�3

2 yu. Then, since gpA2q ¤ pk � 1qpd� 1q, we

have gpAq ¤ pk�1qpd�1q� d�1
2 � d�1

2 � d�3
2 � pk�1qpd�1q� 3

2 pd�1q   pk�1qpd�1q,
contradiction. Thus A contains at most two distinct type 1 elements.

Since we can ignore x0, 0y elements of A, let A �   x1, a1ypn1q, x1, a2ypn2q
((

. Since
gpAq ¡ pk�1qpd�1q, it must be that n1�n2 ¥ k�2. WLOG, assume n1 ¥ 2. Let
2x1, a1y � x0,�sy, where s P 1, ..., k � 1. Let A3 � Az   x1, a1yp2q((. Then, by the
argument in the above paragraphs, gpA3q ¤ pk�s�1qpd�1q ùñ gpAq ¤ pk�s�
3qpd�1q. We also have pk�s�3qpd�1q ¤ pk�1qpd�1q when s ¥ 2, so it must be
that s � 1. But then gpA3q ¤ kpd� 1q and a1 � d�1

2 ùñ gp  x1, a1yp2q((q � d� 1,
hence gpAq ¤ pk � 1qpd� 1q, contradiction. This completes the proof of the claim.

Now, we will show that pZc � Zd, x0, 1y, αq is not accepted. For suppose it
were. Then let the integers e, f and multisets A1, ...,Ae,B1, ...,Bf satisfy conditions
(1)-(5) from the definition of an accepted triple. Then, for each Ai, we know
gpAiq ¤ pα � 1qpd� 1q. Since gpAiq � 1� α pmod dq and dp1� αq � 1� α � d  
pα�1qpd�1q   dp1�αq�1�α, we have gpAiq ¤ dp1�αq�1�α�d � dα�α�1.
Furthermore, for each Bi we have gpBiq � �α pmod dq, and thus gpBiq ¥ d � α.
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Hence epdα� α� 1q ¥ fpd� αq ùñ
f

e
¤ dα� α� 1

d� α
α� d� 1

α
¤ dα� α� 1

d� α

d2 � α2 � d� α ¤ dα2 � α2 � α

d� 1 ¤ α2

?
d� 1 ¤ α,

which is a contradiction, completing the proof. �

Corollary 3.3.3. Assume c � 2.
If d � 1 then M has accepted elasticity for all α.
If d � 2 then M has accepted elasticity iff α � 2.
If d � 3 then M has accepted elasticity iff α � 2 or 3.
If d � 4 then M has accepted elasticity iff α � 3 or 4.

Proof. The above two proofs can be altered to show that M does not have accepted
elasticity when

(a) d is even and α�β�1
α ¡ α, or

(b) d is odd and α�β�1
α ¡ αd�α�1

d�α .

Then algebra gives the result. �

Theorem 3.3.5. If c � 2 and d ¡ 1, then ωpMq � 8.

Proof. Using the above results, it is clear that M does not have accepted elasticity
when c � 2, d ¡ 1, and α � 1, hence ωpMq � 8. �

3.3.3. The Case c � 3.

Lemma 3.3.2. Let q be a prime and let S be a multiset of q-1 nonzero elements
of Zq. Then S contains an internal sum of a for any a P Zqzt0u.
Proof. Let S � ttm1, ...,mq�1uu be a multiset, where mi P Zqzt0u for i � 1, ..., q�1.
Define n1, ..., nq�1 as follows: let n1 � m1, and if n1, ..., ni�1 has been defined, de-
fine ni � kmi, where k is the smallest natural number such that kmi R tn1, ..., ni�1u.
Because q is prime, mi, 2mi, ..., pq � 1qmi are all distinct in Zq, hence k exists and
is less than q, since i ¤ q � 1. Thus n1, ..., nq�1 are distinct nonzero elements
of Zq. Therefore, every nonzero element of Zq, and specifically a, is contained in
tn1, ..., np�1u. Hence it suffices to show that ni is an internal sum of S for each
i � 1, ..., p� 1.

We will show that each nr is an internal sum of the multiset ttm1, ...,mruu by
induction. This is trivially true if r � 1. For r ¡ 1, assume that ni is an internal
sum of ttm1, ...,miuu for each i � 1, ..., r � 1. Let nr � kmr, where 0   k   q. If
k � 1, then nr � mr, and nr is an internal sum of tn1, ..., nru. So assume that
1   k   q. Then Ds P t1, ..., r � 1u such that ns � pk � 1qmr. From the inductive
hypothesis, ns is an internal sum of ttm1, ...,msuu, hence Dti1, ..., izu � t1, ..., su such
that mi1�� � ��miz � ns. Hence mi1�� � ��miz�mr � pk�1qmr�mr � kmr � nr,
and thus nr is an internal sum of ttm1, ...,mruu, completing the induction.

Therefore, n1, ..., nq�1 are all internal sums of S, and hence a is an internal sum
of S. �
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Lemma 3.3.3. Let q be a prime. Given an element a P Zq2 , let a denote its residue
class modulo q. Let tta1, ..., aq�1uu be a multiset of elements of Zq2zt0u which has
no internal sum in tq, 2q, ..., pq � 1qqu. Then for any i, j P t1, ..., q � 1u such that
ai � aj, we have ai � aj.

Proof. The internal sum condition implies that any internal sum with a residue
of 0 modulo q must be 0 modulo q2. Let b � ai � aj . By lemma 3.3.2, since

b � 0, Dtk1, ..., knu � t1, ..., q � 1uzti, ju such that ak1 � � � � � akn � �b. Thus
ai� ak1 � � � � � akn � 0 ùñ ai� ak1 � � � � � akn � 0 ùñ ai � �pak1 � � � � � aknq.
Similarly, aj � �pak1 � � � � � aknq, hence ai � aj . �

Lemma 3.3.4. If a multiset A of elements of Zq2zt0u have a size of at least q � 1
and no internal sum in q, 2q, ..., pq � 1qq. Then for any b P t1, ..., q � 1u, there are
at most q � 1 elements of A with a residue of b modulo q.

Proof. For the sake of contradiction, suppose there are q elements a1, ..., aq P A
such that a1 � � � � � aq in Zq. Then from lemma 3.3.3, a1 � � � � � aq. Hence
a1 � � � � � aq � qa1 is an internal sum of A. Since qa1 is a multiple of q and an
internal sum of A, qa1 � 0. Hence a1 � 0 pmod qq, contradiction. �

Theorem 3.3.6. If c � 3 and 3 � d, then ωpMq � 8.

Proof. Suppose that the elasticity were accepted. Then, by the definition of an
accepted triple and the equivalence theorem, there exist integers e, f and multisets
A1, ...,Ae,B1, ...,Bf of elements of Zcd such that

(11)
�e
i�1 Ai �

�f
i�1 Bi

(21) for i � 1, ..., e, Ai has no internal sum in txcy, x2cy, ..., xpd� 1qcyu
(31) for i � 1, ..., e,

°
Ai � x0y

(41) for i � 1, ..., f ,
°

Bi � x�cy
(51) f{e � pα� β � 1q{α.

Given an element xny P Zcd, let pnq denote its residue class modulo c2 (since c2 � cd)
and let n denote its residue class modulo c.

We claim that for i � 1, ..., e, Ai contains at most 2c � 2 nonzero elements.
For assume that Ai did contain at least 2c � 1 nonzero elements. Since Ai has
no internal sum in txcy, ..., xpd � 1qcyu, when the elements are viewed as elements

of Zc2 , there is no internal sum in tpcq, ..., ppc� 1qcqu. Since when c � 3, we have
c � 1   2c � 1, lemma 3.3.4 states that there are at most c � 1 elements with the
same nonzero residue modulo c. However, since there are 2c�1 nonzero elements in
Ai and c�1 nonzero residues modulo c, the pigeonhole principle tells us that there
are three elements in Ai with the same nonzero residue modulo c. Since c � 3, this
is a contradiction, proving the claim.

Now, for each Bi, we have
°

Bi � x�cy � xpd � 1qcy is not an internal sum of
any Ai, therefore each Bi contains at least two nonzero elements. Combining this
with the above claim, we see that f{e ¤ c� 1 � 2.

It now suffices to show that pα � β � 1q{α ¡ c � 1 � 2 ðñ β � α ¡ 1. Since
α � 1, we have α � kd � 1 for some nonnegative integer k, and so β � pk � 1qd.
Hence β � α � d � 1. Since 3 � d, we have β � α ¡ 2. Hence we always have
pα� β � 1q{α ¡ c� 1, completing the proof. �
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Lemma 3.3.5. Assume gcd(c, d)=1 and d ¡ 1. For any ε ¡ 0 there exist inte-
gers e, f and multisets A1, ...,Ae,B1, ...,Bf of elements of Zc � Zd which satisfy
conditions (1)-(4) of the definition of an accepted triple, and additionally satisfy

p5aq f

e
¡ cdα� d� α� 1

αpd� 1q � ε.

Proof. Using the isomorphism from theorem 3.2.1, conditions (1)-(4) become

(1a)
�e
i�1 Ai �

�f
i�1 Bi

(2a) for i � 1, ..., e, Ai has no internal sum in tx0, 1y, x0, 2y, ..., x0, d� αyu
(3a) for i � 1, ..., e,

°
Ai � x0, 1� αy

(4a) for i � 1, ..., f ,
°

Bi � x0,�αy
Let n be any nonnegative integer. Let k be a positive integer such that kc�d�1 ¥

0. Define

A1,1 � � � � � A1,αpd�1qn �
!!
x�1,�αypc�1q, x1, αypc�1q, x0,�1ypα�1q

))
A2,1 � � � � � A2,α �

!!
x1, 0ypcpc�1qknq, x0,�1ypα�1q

))
B1,1 � � � � � B1,αpc�1qpd�1qn � ttx�1,�αy, x1, 0yuu

B2,1 � � � � � B2,αpc�1qn �
!!
x1, αypd�1q, x1, 0ypkc�d�1q

))
B3,1 � � � � � B3,pα�1qr1�pd�1qns �

!!
x0,�1ypαq

))

Then we have ¤
A �

¤
B �!!

x�1,�αypαpc�1qpd�1qnq, x1, αypαpc�1qpd�1qnq, x0,�1ypαpα�1qr1�pd�1qnsq, x1, 0ypαcpc�1qknq
))
,

so condition (1a) holds.
We will show that condition (2a) holds by contradiction. Assume that A1,i has an

internal sum in tx0, 1y, ..., x0, d � αyu. Then there is a submultiset S � A1,i such that°
S � x0, γy for some γ P t1, ..., d� αu. S must be of the form!!

x�1,�αypm1q, x1, αypm2q, x0,�1ypm3q
))

where m1,m2,m3 P Z¥0, m1,m2 ¤ c�1, and m3 ¤ α�1. Looking at the first coordinate
of
°

S yields m2 �m1 � 0 pmod cq, and the restrictions on m1 and m2 yield m1 � m2.
Hence

°
S � x0,�m3y P tx0, 1y, ..., x0, d� αyu, and therefore m3 ¥ α, contradiction.

Now assume that A2,i has an internal sum of x0, γy for some γ P t1, ..., d � αu. Then
there is some submultiset S P B2,i such that

°
S � x0, γy. S must be of the form!!

x1, 0ypm1q, x0,�1ypm2q
))
.

Here m2 ¤ α� 1. But looking at the second coordinate of
°

S yields m2 ¥ α, contradic-
tion. Therefore, condition (2a) holds.

It is straightforward to check that conditions (3a) and (4a) also hold.
Finally, we will show that some value of n yields condition (5a). We have

f

e
�

pαpc� 1qpd� 1qnq � pαpc� 1qnq � ppα� 1qr1� pd� 1qnsq

pαpd� 1qnq � pαq

Ñ
αpc� 1qpd� 1q � αpc� 1q � pα� 1qpd� 1q

αpd� 1q

�
cdα� d� α� 1

αpd� 1q

as n approaches infinity. Therefore, for some sufficiently large n, condition (5a) holds. �
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Theorem 3.3.7. If c � 3 and 3 � d, then ωpMq is finite. If d ¥ 4, then

ωpMq ¤
Z
d� 3

2

^
d� 2.

If d � 1 or 2, then ωpMq � 1.

Proof. From theorem 3.3.6, we know that if 3 � d then ωpMq � 8.
If d � 1 or 2, then theorem 3.1.2 combined with theorem 2.2.2 yields ωpMq � 1.

So assume d ¥ 4.
From lemma 3.3.5 and theorem 1.3.4, we know that M has accepted elasticity if

cdα� d� α� 1

αpd� 1q ¡ α� β � 1

α
.

Let α � kd � α, so that β � pk � 1qd. Then, plugging in c � 3 and rearranging
terms, we get

3dα� d� α� 1

αpd� 1q
¡

pkd� αq � ppk � 1qdq � 1

pkd� αq

kdr3dα� d� α� 1s � αr3dα� d� α� 1s ¡ αpd� 1qr2kd� α� d� 1s

kdrp3dα� d� α� 1q � 2αpd� 1qs ¡ αrpd� 1qpα� d� 1q � p3dα� d� α� 1qs

kdrdα� d� α� 1s ¡ αrd2 � d� 2dαs

k ¡
αpd� 2α� 1q

pα� 1qd� α� 1
,

hence M has accepted elasticity when k ¡ αpd�2α�1q
pα�1qd�α�1 .

If α ¡ 1, notice that

α

α� 1
� αpd� 2α� 1q
pα� 1qd� α� 1

�
α
α�1 rpα� 1qd� pα� 1q � 2s � αpd� 2α� 1q

pα� 1qd� α� 1

� αrpd� 1� 2
α�1 q � pd� 2α� 1qs

pα� 1qd� α� 1

� 2αpα� 1� 1
α�1 q

pα� 1qd� α� 1

¡ 0.

Hence α
α�1 ¡ αpd�2α�1q

pα�1qd�α�1 , and, since 2 ¥ α
α�1 , we conclude that M has accepted

elasticity when α ¥ 2 and k ¥ 2.
We also know that when α � 1 and k ¡ d�3

2 , then M has accepted elasticity.

Hence, if d�3
2 ¥ 2, then M has accepted elasticity for all α ¥ X

d�3
2

\
d�2. Therefore,

if d ¥ 7 and 3 � d, then ωpMq ¤ X
d�3
2

\
d� 2.

It can be shown in the specific cases of d � 4 and d � 5 that ωpMq � 2, so the
desired bound is still correct. �

3.3.4. The Case c ¥ 4.

Lemma 3.3.6. There exist integers e, f and multisets A1, ...,Ae,B1, ...,Bf which
satisfy conditions (1)-(4) from the definition of an accepted triple, and additionally
satisfy

p51q f{e � c� 1.
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Proof. We will let e � d and f � pc� 1qd. Let

Ai �
!!
x1� icypc�1q, x�1� icypc�1q, xp1� αqcy

))
for i � 1, ..., d, let

Bi,1 � ttx1� icy, x�1� pi� 1qcy, xp1� αqcyuu
for i � 1, ..., d, and let

Bi,j � ttx1� icy, x�1� pi� αqcyuu
for i � 1, ..., d and j � 2, ..., c � 1. Then we claim that Ai for i � 1, ..., d and Bi,j
for i � 1, ..., d and j � 1, ..., c� 1 satisfy conditions (1)-(4) and (51).

To see that (1) holds, notice that

d¤
i�1

Ai �
d¤
i�1

!!
x1� icypc�1q, x�1� icypc�1q, xp1� αqcy

))

�

�
d¤
i�1

!!
x1� icypc�1q

))�
Y

�
d¤
i�1

!!
x�1� icypc�1q

))�
Y

�
d¤
i�1

ttxp1� αqcyuu

�

�

�
d¤
i�1

ttx1� icyuu

�
Y

�
d¤
i�1

ttx�1� pi� 1qcyuu

�
Y

�
d¤
i�1

ttxp1� αqcyuu

�

Y

�
c�1¤
j�2

d¤
i�1

ttx1� icyuu

�
Y

�
c�1¤
j�2

d¤
i�1

ttx�1� pi� αqcyuu

�

�
d¤
i�1

c�1¤
j�1

Bi,j .

We will show that (2) holds by contradiction. Assume (2) does not hold. Then
there is some k P t1, ..., du and some m P t1, ..., β�αu such that Ak has an internal
sum of xmcy. Suppose S � Ak is such that

°
S � xmcy. Then S is either of the form  x1� kcyprq, x�1� kcypsq(( or the form

  x1� kcyprq, x�1� kcypsq, xp1� αqcy((. First
suppose S is of the first form. Then rx1�kcy�sx�1�kcy � xmcy, so pr�sq�pr�
sqkc � mc pmod cdq. Then c � r � s. But since r, s P t0, ..., c� 1u, it must be that
r � s. Thus mc � 0 pmod cdq, and hence m � 0 pmod dq, which is a contradiction
since β � α   d. If S is of the second form, we can similarly conclude that r � s.
Then we get p1� αqc � mc pmod cdq ùñ m � 1� α pmod dq. Since no element
of t1, ..., β�αu has residue 1�α modulo d, this is again a contradiction. Therefore,
condition (2) holds.

Checking that conditions (3), (4), and (5’) hold is routine, completing the proof.
�

Theorem 3.3.8. If c ¥ 4, then ωpMq ¤
Q
d�1
c�2

U
. In particular, ωpMq ¤ d� 1..

Proof. By theorem 1.3.4 combined with lemma 3.3.6, it suffices to show that ρ ¤
c� 1 whenever α ¥ pd� 1q{pc� 2q. Let α � kd� α. Since β is the least multiple
of d such that β ¥ α, we have β � pk � 1qd, and hence

ρ � α� β � 1

α
� p2k � 1qd� α� 1

kd� α
.
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Thus, if k ¥ 1, then

ρ   p2k � 1qd� α

kd� α
¤ p2k � 1qd

kd
� 2k � 1

k
¤ 3 ¤ c� 1.

Therefore, for k ¥ 1, ρ   c� 1.
Now, we will consider the case where k � 0, so that α � α and β � d. Then

ρ ¤ c� 1

α� d� 1

α
¤ c� 1

d� 1 ¤ αpc� 2q
d� 1

c� 2
¤ α

Thus for any α ¥ pd� 1q{pc� 2q, ρ ¤ c� 1, as desired. �

4. Noncyclic Unit Group

Assume Z�y is noncyclic.

4.1. General Noncyclic Case.

Theorem 4.1.1. Z�y is canonically isomorphic to Zn1
�� � ��Znk

, where ni � ni�1

for i � 1, ..., k � 1. If ordyppq � nk�1, then M has accepted elasticity.

Proof. Let d � ordppyq, let rps P Z�y represent the residue class of p modulo y, and
let ψprpsq � xa1, ..., aky, where ai P Zni

for i � 1, ..., k. Define

g1 :� nk�1

d

g2 :� nk
d

h1 :� ak�1

g1

h2 :� ak
g2

m :� gcdph1, h2q
b1 :� h1

m

b2 :� h2
m

By assumption, d � nk�1, and thus d � nk, hence g1, g2 P Z. Since dxa1, ..., aky �
x0, ..., 0y, we have dak�1 � 0 pmod nk�1q ùñ g1d � ak�1d ùñ g1 � ak�1,
so h1 P Z. Similarly h2 P Z. Hence m is well defined, and clearly b1, b2 P Z
with gcd(b1, b2)=1. Let u, v be integers such that ub2 � vb1 � 1, and observe that
gcd(u, v) = 1.

From theorem 2.2.2, it suffices to assume that α � 1. Then β � d. From
theorem 1.3.1, it suffices to find positive integers e and f , along with multisets
A1, ...,Ae,B1, ...,Bf of elements of Zn1

� � � � � Znk
such that

(11)
�e
i�1 Ai �

�f
i�1 Bi

(21) for j � 1, ..., e, Aj has no internal product in trxa1, ..., aky | 1 ¤ r ¤ d� 1u
(31) for j � 1, ..., e,

°
Aj � x0, ..., 0y

(41) for j � 1, ..., f ,
°

Bj � x�a1, ...,�aky, and
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(51) f{e � d.

Define e � 2, f � 2d, and

A1 �
!!
x�a1, ...,�ak�2,�ug1,�vg2y

p2dq
))

A2 �
!!
x0, ..., 0, pu� h1qg1, pv � h2qg2y

p2dq
))

B1 � � � � � B2d � ttx�a1, ...,�ak�2,�ug1,�vg2y, x0, ..., 0, pu� h1qg1, pv � h2qg2yuu .

Conditions (11) and (51) hold trivially, hence it suffices to show that these multisets
satisfy conditions (21),(31), and (41).

Since ordyppq � d, dai � 0 pmod niq for i � 1, ..., k, we have¸
A1 � 2dx�a1, ...,�ak�2,�ug1,�vg2y

� x0, ..., 0,�2ud
nk�1

d
,�2vd

nk
d
y

� x0, ..., 0y.¸
A2 � 2dx0, ..., 0, pu� h1qg1, pv � h2qg2y

� x0, ..., 0, 2pu� h1qdnk�1

d
, 2pv � h2qdnk

d
y

� x0, ..., 0y.¸
B1 � � � � �

¸
B2d � x�a1, ...,�ak�2,�ug1,�vg2y �

x0, ..., 0, pu� h1qg1, pv � h2qg2y
� x�a1, ...,�ak�2,�g1h1,�g2h2y
� x�a1, ...,�aky.

Therefore, conditions (31) and (41) hold.
Now, for the sake of contradiction, suppose that A1 had an internal sum con-

tained in trxa1, ..., aky | 1 ¤ r ¤ d� 1u. Then there exist positive integers r, s, with
1 ¤ r ¤ d� 1 such that

rxa1, ..., aky � sx�a1, ...,�ak�2,�ug1,�vg2y.
Looking at the last two coordinates gives us the congruences

rak�1 � �sug1 pmod nk�1q ùñ rh1 � �su pmod dq
rak � �svg2 pmod nkq ùñ rh2 � �sv pmod dq

which gives us

rh2u � �suv
� rh1v

rmub2 � rmvb1

rmvb1 � rm � rmvb1

rm � 0 pmod dq.
Therefore, rh1 � rmb1 � 0 pmod dq ùñ su � 0 pmod dq. Similarly, sv � 0
pmod dq. Then d � s, for, if it didn’t, then there would be some factor of d, greater
than 1, which divides both u and v, and this is impossible since gcd(u, v) = 1. And
since dx�a1, ...,�ak�2,�ug1,�ug2y � 0, we have sx�a1, ...,�ak�2,�ug1,�ug2y �
0 ùñ rxa1, ..., aky � 0. Since the order of xa1, ..., aky is d, this implies that d � r,
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which contradicts 1 ¤ r ¤ d� 1. Therefore, A1 has no internal sums contained in
trxa1, ..., aky | 1 ¤ r ¤ d� 1u.

If we let u1 � u� h1 and v1 � v � h2, then

u1b2 � v1b1 � pu� h1qb2 � pv � h2qb1
� ub2 �mb1b2 � vb1 �mb1b2

� ub2 � vb1

� 1,

and so the argument for why A2 �
  x0, ..., 0, u1g1, v1g2yp2dq(( has no internal sums

contained in trxa1, ..., aky | 1 ¤ r ¤ d�1u is nearly identical to the arument for A1 �  x�a1, ...,�ak�2,�ug1,�ug2yp2dq
((

. Therefore, condition (21) holds, completing
the proof. �

Corollary 4.1.1. If y � 8, 12, 24, 63, 80, 126, 240, 252, 504, 513, 544, 1026, 1632, or
2107, then M has accepted elasticity.

Proof. For each of these values of y, when Z�y is canonically written as Zn1
� � � � �

Znk
, it happens that nk�1 � nk, hence it is always true that ordyppq � nk�1. �

4.2. Case Study: Z�y � Z2 � Z6 � Z2 � Z2 � Z3.

Theorem 4.2.1. Assume Z�y � Z2 � Z2 � Z3. Then the elasticity of M is not

accepted iff pZ�y , rps, αq is not accepted iff

(1) ordyppq � 3 and α � 1, or
(2) ordyppq � 6 and α � 1 or 2.

The following lemmas and corollaries are necessary before proceeding to the
proof of theorem 4.2.1.

Let y P N such that Z�y � Z2 � Z2 � Z3, with ψ an isomorphism mapping

Z�y Ñ Z2 � Z2 � Z3, and for multisets S of elements of Z�y , let S 1 be the image of
S under ψ.

Let 0̄ � x0, 0y P Z2 � Z2. Then if c P Z3, then x0̄, cy, xa, cy, xb, cy, xa � b, cy P
Z2 � Z2 � Z3, where a and b are distinct nonzero elements of Z2 � Z2.

Lemma 4.2.1. If pZ�y , rps, αq is accepted, ordyppq � 3, and α � 1 pmod 3q, then

ψprpsq � x0̄, xy with x � 1 or �1, and A1
i takes one of the following forms:

(1) ttxa, xy, xb, xy, xa� b, xy, x0̄, 0ynuu, n P No
(2) ttxa,�xy, xb,�xy, xa� b,�xy, x0̄, 0ynuu, n P No
(3) ttxa, xy, xa,�xy, xb, xy, xb,�xy, x0̄, 0ynuu, n P No
(4)

  xa, xy, xa,�xy, xb, 0y2m, x0̄, 0yn((, m,n P No
(5)

  xa, xy, xb,�xy, xa� b, 0y2m�1, x0̄, 0yn((, m,n P No, or

(6)
  xa, 0yj , xb, 0yk, xa� b, 0yl, x0̄, 0yn((, j � k � l pmod 2q, n P No,

where a and b are distinct nonzero elements of Z2 � Z2.

Proof. Suppose pZ�y , rps, αq is accepted, ordyppq � 3, and α � 1 pmod 3q. Then
there exist positive integers e, f and multisets A1, ...,Ae,B1, ...,Bf of elements of
Z�y which satisfy conditions (1)-(5) from the definition of an accepted triple. Let

i P t1, ..., eu. Since α � 1 pmod 3q, and βpZ�y , rps, αq � mordyppq for some positive

integer m such that mordyppq ¥ α ¡ pm � 1qordyppq, then βpZ�y , rps, αq � α � 2.
By condition (21) of theorem 1.3.2, we have for j � 1, ..., e, A1

j has no internal
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sum in tψprpsq, ψprps2qu. Further, by conditions (31) and (41) of theorem 1.3.2, we
have

°
A1
j � ψprps1�αq � ψpr1sq � x0̄, 0y for j � 1, ..., e, and

°
B1i � ψprps�αq �

ψprps�1q � ψprps2q for i � 1, ..., f . Note that if ψprpsq � xa, 0y for some a � 0̄,
then ψprps2q � x0̄, 0y, and ordyppq � 2. If ψprpsq � xa, xy with a � 0̄, x � 0,
then ψprps3q � xa, 0y, and ordyppq � 6. If ψprpsq � x0̄, xy with x � 0, then
ψprps3q � x0̄, 0y and ordyppq � 3. So fix ψprpsq � x0̄, xy. Note that for all n P No,
inserting x0̄, 0yn into any of the following arguments does not change any internal
sums of the A1

i, nor does it change
°

A1
i as a whole. So x0̄, 0yni P A1

i for i � 1, ..., e,
ni ¥ 0.

(1) Suppose A1
i contains more than two elements with a Z3 component of x.

Since xa, xy2 � x0̄,�xy � ψprps2q for all a P Z2 � Z2, then no xa, xy occurs
twice in A1

i by (21) of theorem 1.3.2. But A1
i contains more than two

elements with x as the Z3 component by assumption, so xa, xy, xb, xy, xa�
b, xy P A1

i. And xa,�xyxb, xyxa � b, xy � xa, 0yxa, xy � x0̄, xy � ψprpsq, so
xa,�xy, xa, 0y R A1

i for all a P Z2 � Z2, and hence A1
i � ttxa, xy, xb, xy,

xa� b, xy, x0̄, 0ynuu, with a and b distinct nonzero elements of Z2 � Z2.
(2) Similarly, xa,�xy2 � x0̄, xy � ψprpsq and xa, xyxb,�xyxa� b,�xy � xa, 0y

xa,�xy � x0̄,�xy � ψprps2q for all a P Z2 � Z2, so by (21) of theorem
1.3.2, if A1

i contains more than two elements having Z3 component equal
to �x, then xa,�xy2, xa, xy, xa, 0y R A1

i for all a P Z2 � Z2, and therefore
A1
i � ttxa,�xy, xb,�xy,
xa� b,�xy, x0̄, 0ynuu, with a and b distinct nonzero elements of Z2 � Z2.

(3) If A1
i contains exactly two elements with Z3 component equal to x, then

A1
i must also contain two elements with a Z3 component of �x to obtain°
A1
i � x0̄, 0y. Say xa, xy, xb, xy P A1

i for a and b distinct nonzero elements
of Z2�Z2, then xa� b,�xy R A1

i as shown in part (1). So xa,�xy, xb,�xy P
A1
i. Further, xa, 0y, xb, 0y, xa � b, 0y R A1

i by (21) of theorem 1.3.2 since
xa, 0yxa, xy � xb, 0yxb, xy � xa� b, 0yxa,�xyxb,�xy � x0̄, xy � ψprpsq.

(4) Now suppose A1
i contains exactly one element having a Z3 component equal

to x. Then since
°

A1
i � x0̄, 0y by (31) of theorem 1.3.2, A1

i contains 3n� 1
elements with �x as their Z3 component for some n P No. But A1

i may
contain at most three elements of this form, so A1

i contains exactly one
such element. If xa, xy, xa,�xy P A1

i for some a � 0̄, then xa, 0y R A1
i

since xa, 0yxa, xy � x0̄, xy � ψprpsq. If xb, 0y P A1
i for some b � 0̄, a, then

xa � b, 0y R A1
i since xa, xyxb, 0yxa � b, 0y � x0̄, xy � ψprpsq. And

°
A1
i �

x0̄, 0y � °  xa, xy, xa,�xy, xb, 0y2m(( for m P No, with a and b distinct
nonzero elements of Z2 � Z2.

(5) If still A1
i contains exactly one element having x as its Z3, but now xa, xy P

A1
i and xa,�xy R A1

i for some a � 0̄, then let xb,�xy P A1
i with b � 0̄, a.

Then xa, 0y, xb, 0y R A1
i by (21) of theorem 1.3.2, but xa � b, 0y P A1

i since
xa, xyxb, xy � x0̄, 0y and xa�b, 0y is the only element which can yet be a part
of this A1

i under these conditions. To maintain
°

A1
i � x0̄, 0y, we can have

xa� b, 0y2m�1 P A1
i for m P No, so A1

i �
  xa, xy, xb,�xy, xa� b, 0y2m�1,

x0̄, 0ynuu.
(6) Suppose now each element of A1

i has Z3 component equal to 0. So A1
i �  xa, 0yj , xb, 0yk, xa� b, 0yl(( for some j, k, l P No and a and b distinct nonzero

elements of Z2�Z2, and A1
i has no internal sums equal to ψprpsq or ψprps2q.

Without loss of generality, suppose j � 1 pmod 2q, so xa, 0yj � xa, 0y. If
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k � l � 0 pmod 2q, then xb, 0yk � xa � b, 0yl � x0̄, 0y, and
°

A1
i � xa, 0y.

So let k � 1 pmod 2q. Then xa, 0yjxb, 0yk � xa � b, 0y, and we must
also have l � 1 pmod 2q to have

°
A1
i � xa, 0yjxb, 0ykxa � b, 0yl � x0̄, 0y.

Conversely, if j � 0 pmod 2q, then xa, 0yj � x0̄, 0y, and we must have
xb, 0ykxa � b, 0yl � x0̄, 0y, and hence k � l � 0 pmod 2q. In either case,
j � k � l pmod 2q.

�

Lemma 4.2.2. If pZ�y , rps, αq is accepted, ordyppq � 6, and α � 1 pmod 6q, then
ψprpsq � xa, xy with x � 1 or �1, and A1

i takes one of the following forms:

(1) ttxb, xy, xb,�xy, x0̄, 0ynuu, n P No, or
(2)

  xb, 0y2m, x0̄, 0yn((, m,n P No,
where a and b are distinct nonzero elements of Z2 � Z2.

Proof. Suppose pZ�y , rps, αq is accepted, ordyppq � 6, and α � 1 pmod 6q. Then
there exist positive integers e, f and multisets A1, ...,Ae,B1, ...,Bf of elements of
Z�y which satisfy conditions (1)-(5) from the definition of an accepted triple. Let

i P t1, ..., eu. Since α � 1 pmod 6q, and βpZ�y , rps, αq � mordyppq for some positive

integer m such that mordyppq ¥ α ¡ pm � 1qordyppq, then βpZ�y , rps, αq � α � 5.

By (21) of theorem 1.3.2, A1
i has no internal sum in tψprpsq, ψprps2q, ..., ψprps5qu �

txa, xy, x0̄,�xy, xa, 0y, x0̄, xy, xa,�xyu. Further, by conditions (31) and (41) of the-
orem 1.3.2, we have

°
A1
j � ψprps1�αq � ψpr1sq � x0̄, 0y for j � 1, ..., e, and°

B1i � ψprps�αq � ψprps5q � xa,�xy for i � 1, ..., f . It can be seen then that the
only elements of Z2�Z2�Z3 which can be in A1

i are of the form xb, 0y, xb, xy, xb,�xy,
or x0̄, 0y for some b � 0̄, a. Note that of these, only xb, 0y, x0̄, 0y may be repeated
within the same A1

i since xb, xy2 � x0̄,�xy � ψprps2q, xb,�xy2 � x0̄, xy � ψprps4q.
Further, for all n P No, inserting x0̄, 0yn into any of the following arguments does
not change any internal sums of A1

i, nor does it change
°

A1
i. So x0̄, 0yni P A1

i for
i � 1, ..., e, ni ¥ 0.

(1) If xb, xy P A1
i then: xb, 0y R A1

i since xb, 0yxb, xy � x0̄, xy, and xa� b, cy R A1
i

for any c P t0, 1, 2u since xa�b, cyxb, xy � xa, c�xy P txa, 0y, xa, xy, xa,�xyu �
tψprpsq, ψprps2q, ..., ψprps5qu. We must have xb,�xy P A1

i to have
°

A1
i �

x0̄, 0y. So xb, xy P A1
i iff xb,�xy P A1

i iff A1
i � ttxb, xy, xb,�xy, x0̄, 0ynuu for

b � 0̄, a P Z2 � Z2, n P No.
(2) If xb, 0y P A1

i for some b � 0̄, a then xa � b, 0y R A1
i since xa � b, 0yxb, 0y �

xa, 0y. Then A1
i � ttxb, 0yt, x0̄, 0ynuu for some t, n P N0, and since

°
A1
i �

x0̄, 0y, then t � 2m for some m.

�

Lemma 4.2.3. If pZ�y , rps, αq is accepted, ordyppq � 6, and α � 2 pmod 6q, then
ψprpsq � xa, xy with x � 1 or �1, and A1

i takes one of the following forms:

(1) ttxa,�xy, xb, xy, xb,�xy, x0̄, 0ynuu, n P No
(2)

  xa,�xy, xb, 0y2m, x0̄, 0yn((, m,n P No
(3) ttxb, xy, xa� b, xy, x0̄, 0ynuu, n P No, or
(4)

  xb,�xy, xa� b, 0y2m�1, x0̄, 0yn((, m,n P No,
where a and b are distinct nonzero elements of Z2 � Z2.

Proof. Suppose pZ�y , rps, αq is accepted, ordyppq � 6, and α � 2 pmod 6q. Then
there exist positive integers e, f and multisets A1, ...,Ae,B1, ...,Bf of elements of
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Z�y which satisfy conditions (1)-(5) from the definition of an accepted triple. Let

i P t1, ..., eu. Since α � 2 pmod 6q, and βpZ�y , rps, αq � mordyppq for some positive

integer m such that mordyppq ¥ α ¡ pm�1qordyppq, then βpZ�y , rps, αq � α�4. By

(21) of theorem 1.3.2, A1
i has no internal sum in tψprpsq, ψprps2q, ψprps3q, ψprps4qu �

txa, xy, x0̄,�xy, xa, 0y, x0̄, xyu. Further, by (31) and (41) of theorem 1.3.2, we have°
A1
j � ψprps5q � xa,�xy for j � 1, ..., e, and

°
B1i � ψprps4q � x0̄, xy for i �

1, ..., f . It can be seen then that the only elements of Z2 � Z2 � Z3 which can
be in A1

i are of the form xa,�xy, xb, 0y, xb, xy, xb,�xy, or x0̄, 0y for b � 0̄, a. As
before, only xb, 0y, x0̄, 0y may be repeated within the same A1

i, and x0̄, 0yni P A1
i for

i � 1, ..., e, ni ¥ 0.

(1) Suppose xa,�xy, xb, xy P A1
i for some b � 0̄, a. Then xb, 0y, xa � b, xy, xa �

b, 0y, xa � b,�xy R A1
i since xb, xyxb, 0y � xa,�xyxb, xyxa � b, xy � x0̄, xy,

xb, xyxa�b, 0y � xa, xy, xb, xyxa�b,�xy � xa, 0y. And xa,�xy2, xb, xy2 R A1
i

but xa,�xyxb, xy � xa,�xy, so xb,�xy P A1
i, and A1

i � ttxa,�xy, xb, xy,
xb,�xy, x0̄, 0ynuu with n P No, and

°
A1
i � xa,�xy.

(2) Suppose now xa,�xy P A1
i and xb, xy R A1

i for b � 0̄, a. If xb,�xy P A1
i

then xa � b, xy, xa � b, 0y, xa � b,�xy, xb, 0y R A1
i since xa � b, xyxb,�xy �

xa, 0y, xa� b, 0yxb,�xyxa,�xy � x0̄, xy, xb,�xyxb, 0y � x0̄,�xy, xb,�xyxa�
b,�xy � xa, xy. Then xb, xy P A1

i for
°

A1
i � xa,�xy, but we assumed

differently so xb, xy, xb,�xy R A1
i for b � a, 0̄. If A1

i � ttxa,�xy, x0̄, 0ynuu,
then

°
A1
i � xa,�xy. Also, if xb, 0y2m P A1

i for some m, then xa� b, 0y R A1
i

since xb, 0yxa � b, 0y � xa, 0y, and A1
i �

  xa,�xy, xb, 0y2m, x0̄, 0yn(( with°
A1
i � xa,�xy still.

(3) If xa,�xy P A1
i then A1

i is as in (1) or (2) above. So let xa,�xy R A1
i,

and xb, xy P A1
i. If xb,�xy P A1

i then we must also have xa,�xy P A1
i, so

xb,�xy R A1
i. So the only remaining option is to have xa� b, xy P A1

i by the
argument in (1) above. And xb, xyxa � b, xy � xa,�xy, so this is sufficient
and A1

i � ttxb, xy, xa� b, xy, x0̄, 0ynuu for some n P No.
(4) Now let xb,�xy P A1

i, xa,�xy R A1
i for some b � 0̄, a. So xb, xy R A1

i,
and as shown in (2) above, the only other element which may be in A1

i is
xa � b, 0y. Note xb,�xyxa � b, 0y � xa,�xy, and xa � b, 0y2m � x0̄, 0y, so
A1
i �

  xb,�xy, xa� b, 0y2m�1, x0̄, 0yn(( for some m,n P No.

Note that if xa,�xy, xb, xy, xb,�xy R A1
i for b � a, 0̄, i P t1, ..., eu then

°
A1
i �

xa,�xy, so there are no other cases. �

Definition 4.2.1. Given p, α from pZ�y , rps, αq, and xx, y, zy P Z2 � Z2 � Z3, if

ordyppq ¡ 2, α � �1 pmod 3q, and ψprpsq � xp1, p2, p3y so ψprps�αq � p�αqψprpsq �
x�αp1,�αp2,�αp3y, then define a function W : Z2�Z2�Z3 Ñ R and let the weight
of xx, y, zy be given by

W pxx, y, zyq �
$&
%

0 if z � 0
1
2 if z � αp3 pmod 3q
1 if z � �αp3 pmod 3q

Since ordyppq ¡ 2, then p3 � �1 pmod 3q; with α � �1 pmod 3q also, then αp3 �
�αp3 pmod 3q, and this function is well-defined.
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If A � ttxx1, y1, z1y, ..., xxn, yn, znyuu is a multiset in Z2 � Z2 � Z3, then let the
weight of A, denoted W pAq, be given by

W pAq �
ņ

i�1

W pxxi, yi, ziyq.

Note that for multisets S1, ..., Sn in Z2�Z2�Z3, W pYni�1Snq �
°n
i�1W pSnq. Also,

if pZ�y , rps, αq is accepted then W pB1iq ¥ 1 for i � 1, ..., f .

Corollary 4.2.1. If ordyppq � 3, α � 1 pmod 3q, ψprpsq is given to be x0̄, xy
with x � �1, and pZ�y , rps, αq is accepted then W pA1

iq ¤ 3 for i � 1, ..., e, and°e
i�1W pA1

iq ¤ 3e.

Proof. If ordyppq � 3, α � 1 pmod 3q, ψprpsq � x0̄, xy with x � �1 and pZ�y , rps, αq
is accepted, then lemma 4.2.1 holds, and A1

i is restricted to one of six forms:

(1) W pttxa, xy, xb, xy, xa� b, xyuuq � 1.5,
(2) W pttxa,�xy, xb,�xy, xa� b,�xyuuq � 3,
(3) W pttxa, xy, xa,�xy, xb, xy, xb,�xyuuq � 3,
(4) W p  xa, xy, xa,�xy, xb, 0y2m((q � 1.5,

(5) W p  xa, xy, xb,�xy, xa� b, 0y2m�1
((q � 1.5,

(6) W p  xa, 0yj , xb, 0yk, xa� b, 0yl((q � 0.

So W pA1
iq ¤ 3, hence

°e
i�1W pA1

iq ¤
°e
i�1 3 � 3e. �

Corollary 4.2.2. If ordyppq � 6, α � 1 pmod 6q, ψprpsq is given to be xa, xy with
a � 0̄, x � �1, and pZ�y , rps, αq is accepted then W pA1

iq ¤ 1.5 for i � 1, ..., e, and°e
i�1W pA1

iq ¤ 1.5e.

Proof. If ordyppq � 6, α � 1 pmod 6q, ψprpsq � xa, xy with a � 0̄, x � �1, and
pZ�y , rps, αq is accepted, then lemma 4.2.2 holds, and A1

i is restricted to one of two
forms:

(1) W pttxb, xy, xb,�xy, x0̄, 0ynuuq � 1.5,
(2) W p  xb, 0y2m, x0̄, 0yn((q � 0.

So W pA1
iq ¤ 1.5, hence

°e
i�1W pA1

iq ¤
°e
i�1 1.5 � 1.5e. �

Corollary 4.2.3. If ordyppq � 6, α � 2 pmod 6q, ψprpsq is given to be xa, xy with
a � 0̄, x � �1, and pZ�y , rps, αq is accepted then W pA1

iq ¤ 2 for i � 1, ..., e, and°e
i�1W pA1

iq ¤ 2e.

Proof. If ordyppq � 6, α � 2 pmod 6q, ψprpsq � xa, xy with a � 0̄, x � �1, and
pZ�y , rps, αq is accepted, then lemma 4.2.3 holds, and A1

i is restricted to one of four
forms:

(1) W pttxa,�xy, xb, xy, xb,�xy, x0̄, 0ynuuq � 2,
(2) W p  xa,�xy, xb, 0y2m, x0̄, 0yn((q � .5,
(3) W pttxb, xy, xa� b, xy, x0̄, 0ynuuq � 2,
(4) W p  xb,�xy, xa� b, 0y2m�1, x0̄, 0yn((q � .5.

So W pA1
iq ¤ 2e, hence

°e
i�1W pA1

iq ¤
°e
i�1 2 � 2e. �

Lemma 4.2.4. If pZ�y , rps, αq is accepted, then
°e
i�1 |Ai�ttx0̄, 0yniuu | ¥ 2ρe, where

ρ � α�β�1
α is the elasticity of Mppαx, pαyq.
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Proof. If pZ�y , rps, αq is accepted, then by condition (5) from the definition of an
accepted triple, f{e � pα � β � 1q{α � ρ. By condition (1) from the definiton

of an accepted triple,
�e
i�1 Ai �

�f
j�1 Bj , so

�e
i�1pAi � ttx0̄, 0yniuuq � �f

j�1pBj �
ttx0̄, 0ynjuuq. Then

°e
i�1 |Ai � ttx0̄, 0yniuu | � °f

j�1 |Bj � ttx0̄, 0ynjuu | ¥ 2f since

|Bi � ttx0̄, 0yniuu | ¥ 2 for all i � 1, ..., f . So
°e
i�1 |Ai � ttx0̄, 0yniuu | ¥ 2f � 2ρe. �

Lemma 4.2.5. If pZ�y , rps, αq is accepted, ordyppq ¡ 2 and α � �1 pmod 3q, then°e
i�1W pA1

iq ¥ ρe, where ρ � α�β�1
α is the elasticity of Mppαx, pαyq.

Proof. If pZ�y , rps, αq is accepted, then by (51) of theorem 1.3.2, f{e � ρ, so ρe � f .

And since 1 ¤ W pB1iq, then ρe � f � °f
i�1 1 ¤ °f

i�1W pB1iq � W p�f
i�1 B1iq �

W p�e
i�1 A1

iq �
°e
i�1W pA1

iq by (11) of theorem 1.3.2. �

Corollary 4.2.4. pZ�y , rps, αq is not accepted if one of the following is true:

(1) ordyppq � 3, α � 1,
(2) ordyppq � 6, α � 1, or
(3) ordyppq � 6, α � 2.

Proof. By way of contradiction, suppose pZ�y , rps, αq is accepted.

(1) Let ordyppq � 3, α � 1 pmod 3q. By corollary 4.2.1, since pZ�y , rps, αq is

accepted, then
°e
i�1W pA1

iq ¤ 3e. If this is true, then by lemma 4.2.1 we
have |Ai � ttx0̄, 0yniuu | ¤ 4 for i � 1, ..., e, and we get 2ρe ¤ °e

i�1 |Ai �
ttx0̄, 0yniuu | ¤ 4e by lemma 4.2.4, so 2ρ ¤ 4 and ρ ¤ 2. But β � α � 2
by lemma 4.2.1, so ρ � pα � β � 1q{α � p2α � 1q{α ¡ 2, and this is a
contradiction, so pZ�y , rps, αq is not accepted.

(2) Let ordyppq � 6, α � 1 pmod 6q. So β � α � 5 by lemma 4.2.2, and ρ �
pα�β�1q{α � p2α�4q{α ¡ 2. Then we have 2e   ρe ¤ °e

i�1W pA1
iq ¤ 1.5e

by lemma 4.2.5 and corollary 4.2.2, and this is a contradiction so pZ�y , rps, αq
is not accepted.

(3) Let ordyppq � 6, α � 2 pmod 6q. So β � α � 4 by lemma 4.2.3, and ρ �
pα�β�1q{α � p2α�3q{α ¡ 2. Then we have 2e   ρe ¤ °e

i�1W pA1
iq ¤ 2e

by lemma 4.2.5 and corollary 4.2.3, and this is a contradiction so pZ�y , rps, αq
is not accepted.

�

We are now able to prove theorem 4.2.1.

Proof of Theorem 4.2.1. The if statement is done by corollary 4.2.4, so we begin
proving the only if statement by contradiction.

(1) If ordyppq � 1, then pα � 1 pmod yq for all α, and pZ�y , rps, αq is accepted
by theorem 2.1.1.

(2) If ordyppq � 2, then pZ�y , rps, αq is accepted by theorem ??.

(3) Let ordyppq � 3, and fix ψprpsq � x0̄, xy with x � 0.
If α � 0 pmod 3q, then pα � 1 pmod yq, and pZ�y , rps, αq is accepted by

theorem 2.1.1.
If α � 2 pmod 3q, then β � α� 1, so ρ � pα� β� 1q{α � 2α{α � 2. By

(31) of theorem 1.3.2,
°

A1
j � ψprps1�αq � ψprps2q � x0̄,�xy for j � 1, ..., e,

and
°

B1j � ψprps�αq � ψprpsq � x0̄, xy for j � 1, ..., f . Finally, by (21) of

theorem 1.3.2, for j � 1, ..., e, A1
j has no internal sum in tψprpsqu � tx0̄, xyu.
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So let A1
1 �

  xa, 0y, xb, xy2, xb,�xy, xa� b, xy((, A1
2 � ttxa, xy, xa,�xy,

xb, 0y, xb,�xyuu. And let B11 � ttxb, 0y, xb, xyuu, B12 � ttxa, 0y, xa, xyuu, B13 �
ttxa,�xy, xb, xy, xa� b, xyuu, and B14 �

  xb,�xy2((, where a and b are dis-
tinct nonzero elements of Z2 � Z2.

Then e � 2, f � 4, so f{e � 2, and
�2
i�1 A1

i � ttxa, 0y, xa, xy, xa,�xy, xb, 0y,
xb, xy2, xb,�xy2, xa� b, xy(( � �4

i�1 B1i, and conditions (11), (51) of theorem
1.3.2 are met.

Both A1
1,A1

2 have no internal sum of ψprpsq � x0̄, xy, so condition (21) of
theorem 1.3.2 is met.

Meeting conditions (31) and (41) of theorem 1.3.2, we have
°

A1
1 �°

A1
2 � x0̄,�xy � ψprps1�αq, and

°
B11 �

°
B12 �

°
B13 �

°
B14 � x0̄, xy �

ψprps�αq.
So pZ�y , rps, αq is accepted when ordyppq � 3, α � 2 pmod 3q.

(4) Let ordyppq � 6, and fix ψprpsq � xa, xy with a � 0̄, x � 0.
If α � 0 pmod 6q, then pα � 1 pmod yq, and pZ�y , rps, αq is accepted by

theorem 2.1.1.
If α � 3, then β � α � 3 � 6 since ordyppq � 6, and ρ � pα � β �

1q{α � 8{3. By theorem 1.3.2,
°

A1
j � ψprps1�αq � ψprps4q � x0̄, xy

for j � 1, ..., e, and
°

B1j � ψprps�αq � ψprps3q � xa, 0y for j � 1, ..., f .

Further, by (21) of theorem 1.3.2, for j � 1, ..., e, A1
j has no internal sum in

tψprpsq, ψprps2q, ψprps3qu � txa, xy, x0̄,�xy, xa, 0yu.
So let A1

1 �
  xb,�xy2, xa� b, 0y8((, A1

2 �
  xa,�xy, xb, 0y7, xa� b,�xy((,

and A1
3 � ttx0̄, xyuu. And let B11 � B12 � ... � B17 � ttxb, 0y, xa� b, 0yuu, and

B18 �
  x0̄, xy, xa,�xy, xb,�xy2, xa� b, 0y, xa� b,�xy((, where a and b are

distinct nonzero elements of Z2 � Z2.
Then e � 3, f � 8, so f{e � 8{3 and

�3
i�1 A1

i �
  x0̄, xy, xa,�xy, xb, 0y7,

xb,�xy2, xa� b, 0y7, xa� b,�xy(( � �8
i�1 B1i, and conditions (11), (51) of

theorem 1.3.2 are met.
None of A1

1,A1
2,A1

3 have internal sums in txa, xy, x0̄,�xy, xa, 0y, so con-
dition (21) of theorem 1.3.2 is met.

Meeting conditions (31) and (41) of theorem 1.3.2, we have
°

A1
1 �°

A1
2 �

°
A1

3 � x0̄, xy, and
°

B11 � ... � °
B18 � x0̄, xy.

So pZ�y , rps, αq is accepted when α � 3, and by theorem 2.2.1 and the

equivalence theorem, it follows that pZ�y , rps, αq is accepted when ordyppq �
6 and α � 3 pmod 6q.

If α � 4, we have β � 6 and ρ � 9{4. By theorem 1.3.2,
°

A1
j �

ψprps3q � xa, 0y for j � 1, ..., e, and
°

B1j � ψprps2q � x0̄,�xy for j �
1, ..., f . Further, by (21) of theorem 1.3.2, for j � 1, ..., e, A1

j has no internal

sum in txa, xy, x0̄,�xyu.
So let A1

1 � A1
2 �

  xa,�xy3, xb, 0y4((, A1
3 � A1

4 �
  xa,�xy3, xa� b, 0y4((.

And let B11 � ... � B18 � ttxa,�xy, xb, 0y, xa� b, 0yuu, B19 �   xa,�xy4((,
where a and b are distinct nonzero elements of Z2 � Z2.

Then e � 4, f � 9, so f{e � 9{4 and
�4
i�1 A1

i �
  xa,�xy12, xb, 0y8,

xa� b, 0y8(( � �9
i�1 B1i, and conditions (11), (51) of theorem 1.3.2 are met.

None of A1
1, ...,A1

4 have internal sums in txa, xy, x0̄,�xyu, so condition
(21) of theorem 1.3.2 is met.
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Meeting conditions (31) and (41) of theorem 1.3.2, we have
°

A1
1 � ... �°

A1
4 � xa, 0y, and

°
B11 � ... � °

B19 � x0̄,�xy.
So pZ�y , rps, αq is accepted when α � 4, and by theorem 2.2.1 and the

equivalence theorem, it follows that pZ�y , rps, αq is accepted when ordyppq �
6 and α � 4 pmod 6q.

If α � 5, we have β � 6 and ρ � 2. By theorem 1.3.2,
°

A1
j � ψprps2q �

x0̄,�xy for j � 1, ..., e, and
°

B1j � ψprpsq � xa, xy for j � 1, ..., f . Further,

by (21) of theorem 1.3.2, for j � 1, ..., e, A1
j has no internal sum of xa, xy.

So let A1
1 �

  x0̄, xy4, x0̄,�xy2((, A1
2 �

  xa, 0y4, x0̄,�xy((. And let B11 �
... � B13 � ttxa, 0y, x0̄, xyuu, B14 �

  xa, 0y, x0̄, xy, x0̄,�xy3((, where a and b are
distinct nonzero elements of Z2 � Z2.

Then e � 2, f � 4, so f{e � 2 and
�2
i�1 A1

i �
  x0̄, xy4, x0̄,�xy3, xa, 0y4(( ��4

i�1 B1i, and conditions (11), (51) of theorem 1.3.2 are met.
Neither A1

1 nor A1
2 contain an internal sum of xa, xy, so condition (21) of

theorem 1.3.2 is met.
Meeting conditions (31) and (41) of theorem 1.3.2, we have

°
A1

1 �°
A1

2 � x0̄,�xy, and
°

B11 � ... � °
B14 � xa, xy.

So pZ�y , rps, αq is accepted when α � 5, and by theorem 2.2.1 and the

equivalence theorem, it follows that pZ�y , rps, αq is accepted when ordyppq �
6 and α � 5 pmod 6q.

�
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