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The IMAP Content Instrument

Larry Sowder

San Diego State University

Purpose and Rationale

Researchers associated with a large-scale project, Integrating Mathematics and Pedagogy1 (IMAP), designed and administered a content

instrument to determine whether Children’s Mathematical Thinking Experiences (CMTEs) have measurable effects on college students'

performances on items that address the content of the accompanying mathematics course (Math 210). (An IMAP CMTE has been described by

Philipp, Thanheiser, and Clement, 2002).  Instructors have noticed that too many college students seem to regard the mathematics courses

designed for prospective elementary school teachers (PSTs) merely as a requirement, an obstacle to be overcome, with little relevance to their later

teaching; they often, therefore, approach the courses in a perfunctory manner.

The IMAP theme of leading the college students to changed views of mathematics through a focus on children's thinking seemed particularly

promising.  Harel (1998) has offered his necessity principle as a guide to instruction:  Seek tasks that address an intellectual need of the student.

Identifying the immediate, real, mathematical conceptions of a child in an interview situation offers the college student a setting demanding action,

preferably informed action.  Hence, IMAP’s approach of focusing on mathematics through working with children seemed quite promising:  The

necessity of responding to a child during an interview about mathematics might lead not only to a change in the college student’s beliefs about

children and mathematics but also to his or her greater seriousness about the mathematics content courses, especially when the college student

recognizes that one should know the subject well to respond appropriately to a child.  Indeed, several students in past CMTE-like encounters had,

as a result of those experiences, expressed a new-found appreciation for the mathematics courses they had taken, so IMAP researchers were

optimistic that an early CMTE would enhance the PSTs' efforts and interests in these mathematics courses.  Greater effort and higher levels of

interest should translate into better performance on the content of the courses. Hence, the IMAP mathematics-via-concern-for-children theoretical

                                                
1 This work was supported by the National Science Foundation under Grant #9979902.  Any opinions, findings, and conclusions or
recommendations expressed herein are those of the author and do not necessarily reflect the views of the National Science Foundation.



position, supported by anecdotal reports and the clear enthusiasm of the students in earlier pilot work, were so promising that IMAP examined the

influence of concurrent experiences with children on the college students’ performance not only on the IMAP Web-Based Beliefs Survey but also

on a test of mathematical content.

Test Composition and Piloting

Because of the pretest/posttest design of the study, the final examination for the MATH 210 course would not be useful.  Accordingly, a

content-test team was charged with preparing a special paper-pencil content instrument, with focus primarily on the MATH 210 content, which

also represented the main topics of the CMTEs:  place value and rational numbers (both fractions and decimals).  (MATH 210 topics like integers

and number theory were not treated in the CMTEs; thus, no items were written for those topics.)  The content-test team, a faculty member from

the mathematics department who was quite familiar with MATH 210 and a doctoral student in mathematics education, also solicited items and

asked for reactions from others involved in IMAP.  Items for this special content instrument could well have been used for the final examination,

and indeed a few of the items were selected from previous MATH 210 final examinations.  In the large, the focus of the items was on conceptual

understanding rather than computational skill.  A few items were solely objective in nature (i.e., multiple choice or correct/incorrect as choices),

but many of the items also called for explanations.  Two items are given in Figure 1; the full test is included with scoring information in

Appendix A.

IMAP piloted preliminary versions of the Content Instrument, including some pre/post work, during Spring 2001.  These results were

used in two ways.  One use was to gauge the clarity and likely value of the items, as judged by the students' written responses and by an

occasional debriefing of a student who had completed the test.  The second use was as a basis for designing rubrics with which to score the

items that call for explanations.  These rubrics were composed by the content-test team during the spring and early summer of 2001.  A sample

rubric is given in Figure 2.  Each rubric has the range of possible scores for the item and for each possible score, a general description of the

type of response and unedited examples of responses awarded that score.  Appendix A contains the rubrics for all the items.  As a result of the

piloting, some items were rejected, others were refined, and three items designed to address pedagogical content knowledge were added to the

test.  The test was designed for completion in one hour, but students were to be allowed to work as long as they wished.  A few items from the

Beliefs Survey were strictly content in nature (they were used to assess a student’s later responses on the Beliefs Survey in early version of that

survey); results on these items were also added to the Content Instrument results and, ultimately, were made part of the content instrument itself.



4.  For Fiesha’s solution to 32 ¥ 54, (a)  first evaluate her mathematical reasoning.  Check whether the steps are mathematically correct or flawed,
or indicate that you cannot tell;   (b)  next mark the work with "doesn't appear to understand multiplication," "may or may not understand
multiplication," or "shows good understanding of multiplication";  (c)  finally, if Fiesha’s steps are mathematically correct, use her way of
thinking to solve 24 ¥ 53.  If they are not, explain how Fiesha’s reasoning is flawed.

______________________________________________________________________________
Fiesha:  54

   ¥        32   
1500
120
100

_      8   
1728

a)  Mathematical steps

 Fiesha’s steps are mathematically
correct.

_ Fiesha’s steps are
mathematically flawed.

_ I cannot tell if Fiesha’s steps are
mathematically correct or flawed.

b)  Understanding of multiplication

 Fiesha doesn't appear to understand
multiplication.

_ Fiesha may or may not
understand multiplication.

Fiesha shows good understanding of
multiplication.

c) If Fiesha’s steps are mathematically correct, use her way of thinking to solve 24 ¥ 53.  If they are not, explain how Fiesha’s reasoning is
flawed.

5. Antonio asks, “When I multiply [for example, 49 ¥ 23, shown to the
     right], why do I have to put in the 0 [points to the zero in 980]?”

What would you say to Antonio?

49
¥   23   
147
   980   

1127

Figure 1.  Two content-test items.



QUESTION 5.  Antonio asks,  “Why is the 0 in multiplication algorithm?”

Explanation score (0–2 scale)

Explanation score 2. (Algorithmic with very good understanding OR simply good understanding; uses place-value language with good
explanation; indicates that one is multiplying 20 times 49 and not 2 times 49;  states, and gives good reason, that the 98 is really 980.)

∑∑∑∑ When you got the 980 you were multiplying 20 times 49—however it’s easier to think of 2 * 49 and just add zero to make it 20.
∑∑∑∑ I would say you have to put the zero in because otherwise the numbers wouldn’t be in the correct place. When you are multiplying

49 times 2, the 2 is actually 20 so the zero needs to go in for correct place value.
∑∑∑∑ The 2 is in the tens place, the 3 is in the ones place. You first multiply 49*3, that gets you 147. Now you do the same for the 2 but

since the 2 is in the tens place it’s the same as 49*20 that’s why you bring down the 0.

Explanation score 1.  (Uses place-value language or names the places mechanically; does NOT clearly state that 2 times is really 20 times
OR states 20 but then “messes up.” In this category the 0 is seen as a place holder for the one’s place; a reference is made to consider the 3
in 23; states that the 98 is really 980 without giving a “good” reason.)
∑ Because you need something to replace the ones place.
∑ Because that zero [referring to a zero that he drew over the 3 in 23] is taking place of the three.
∑ You put the zero there to show that you are not adding any numbers in the ones place, the zero allows you to know that even though

there are no ones, that place value is still there, acting like there is so you don’t put numbers in their wrong place values.
∑∑∑∑ You have to take into consideration the 3 in 23.
∑ Ok, the reason you put a 0, is because you are moving from ones place (1) to the tens place (10.) the difference between 1 and 10 is the

zero.
∑∑∑∑ Now we are working the tenths [sic] place rather than the ones place therefore you need to move the value over 1 and add a 0.
∑∑∑∑ Because the #s we are multiplying are in the 10th [sic] place (the #2) and we have to account for that by adding the zero so we know the

98 is from the 10th[sic]  place.

Explanation score 0. (No understanding shown; nonsense; solely algorithmic; refers only to place holder [e.g., “0 is a place-holder”].)
∑ Because every time you finish one row of numbers and move to the next you have to put a 0 first because then the next number can be

under that row of numbers.

Figure 2.  The rubric for Item 5 in Figure 1.



Administrations and Scoring

For the main study, participants completed the Content Instrument as the pretest during August–September 2001 and as the posttest during

December 2001.  Students were scheduled individually, in the same way as they were scheduled to complete the Beliefs Survey.  Students were

paid to complete the Content Instrument and were allowed as much time as needed to complete the test.  The same form was used as both the

pretest and the posttest.

Test proctors stamped each page of a completed test booklet with a unique random number for that student and that pre/post administration.

Once the cover pages with the students' names were removed, these numbers allowed a blind, randomly ordered scoring with respect to

treatment, MATH 210 instructor, and test-administration time (pre or post).

The pretests and posttests were scored during January 2002 by four pairs of paid scorers. Scorers were familiar with the content of MATH

210, mathematics education issues, or both and hence were qualified to exercise the judgments needed for scoring with rubrics.  None was

familiar with the thrusts of IMAP before the scoring sessions, beyond knowledge that IMAP had something to do with MATH 210.  

Each day, one of the content-test team trained each pair of scorers on the rubrics for one page of the Content Instrument by explaining the

rubrics and then through a mutual scoring of five tests.  The scorers next further refined their training through scoring another 20 tests to reach a

high degree of cross-scorer reliability.  Each scorer then marked a set of 30 tests, with a random 10 in common with the set of the other scorer.

The two scorings of the common 10 were then compared, with a target of at least 80% agreement as an index of reliability.  Most agreement

percentages were in the 90%–100% range; when an agreement percentage fell below an acceptable rate, further discussion of some responses to

the troublesome item was used to restore a higher percentage of agreement.  One of the content-test team was available to help with any

problematic scoring of an unanticipated response that did not seem to fit any rubric category and to determine whether or how to modify the rubric

to accommodate such cases.

For the MATH 313 study, administration and scoring followed the same procedures.  Pretests  for this study were administered in

January–February 2002 and posttests in May–June 2002.  Four of the eight content-test scorers from the main study scored these tests in June

2002.  MATH 313 students are nearing the end of their undergraduate programs and have very demanding schedules.  Consequently, the scale of

the MATH 313 study was much smaller:  10 CMTE students and 23 control students, with an attrition of 24 students who completed the pretest.

The content of MATH 313 is also less directly related to that tested by the Content Instrument than is the content of the first course.  Furthermore,



the backgrounds of the MATH 313 students are quite mixed, with many students transferring from community colleges.  Accordingly any

statistical inferences would have dubious value.

Weighting the items.  The rubric scores are probably at best ordinal scores, with a higher score representing a judgment of a higher degree

of conceptual focus in the respondent’s answer.  Rubrics for some items are on a 3-point (0–2) scale, with those for others on 4-point (0–3) or

5-point (0–4) scales.  Furthermore, the items are not considered to be equally important, just as items on an examination might not be weighted

equally.  Hence, it was necessary (a) to rescale the rubrics to create a more uniform scale across rubrics and (b) to weight the items so that scores

could be summed in a meaningful fashion, much as one does in weighting items on examinations.  Accordingly a panel of four mathematics

educators met several times to rescale the rubrics for uniformity and to assign weights to each item.  Appendix B has the panel’s final decisions

on rescaling the rubrics and weighting the items.  Objectively scored items were usually weighted 1; rubric-scored items were usually weighted

2; some objectively scored items were weighted 2 because correct responses were deemed to require considerable reasoning; and three items (one

dealing with importance of the unit in fraction work and two with the ability to write a story problem that could be represented by a given

mathematical expression) were adjudged by the panel to be particularly important for teachers and were weighted 3.  These rescalings and

weightings gave 82 as the maximum possible score for the Content Instrument (as augmented by the content items from the Beliefs Survey).



Analyses and Results

Main study.  Complete data were available for 159 college students.  All 159 were concurrently enrolled in the first mathematics course

(MATH 210) for prospective elementary school teachers, with 77 in the Children’s Mathematical Thinking Experience (CMTE) experimental

group, and 82 in nonexperimental groups (48 making organized visits to classrooms and 34 with no special extra-course experiences).  The

strong theoretical and pilot-based rationale lead to a one-directional hypothesis to be tested:

H1:  mCMTE     <     mnon-experimental

H2: mCMTE > mnon-experimental

with the means referring to the means in the content instrument change scores. The combined CMTE treatment subgroups showed higher average

pretest-to-posttest changes for the Content Instrument than did the combined nonexperimental classroom-visitation and control subgroups (see

Table 1); a t-test of these change scores for the two groups gave a significance level of 0.0497, t(157) = 1.66.  Hence, the hypothesis mCMTE    <   

mnon-experimental was rejected at the a = 0.05 level in favor of the alternative, mCMTE > mnon-experimental.

Table 1.

Mean Change Scores, by Treatment, Main Study

Treatment n
Pretest
mean

Posttest
mean

Mean change
score

Variance
of change scores

CMTE 7 7 3 7 . 6 5 1 . 9 1 4 . 3 6 7 . 5
   CMTE-L 50 36.8 51.5 14.7 58.4
   CMTE-V 27 39.1 52.6 13.5 86.2
Non-CMTE 8 2 3 6 . 3 4 8 . 5 1 2 . 2 6 1 . 9
   MORE-T 25 32.3 44.6 12.3 59.2
   MORE-R 23 38.7 49.9 11.2 63.7
   Control 34 37.6 50.4 12.8 65.3
All 159 36.9 50.1 13.2 65.3

Notes.  Maximum score possible = 82.  CMTE = Children's Mathematical Thinking Experience, L = Live, V = Vicarious; MORE = Mathematical Observation and

Reflection Experience, T = in a Traditional Classroom, R = in a Reform Classroom.



MATH 313 study.  Any statistical analyses of the MATH 313 data would be suspect, for the reasons given above.  Nonetheless, the means

on the pretest (for all students who completed the pretest), the posttest (for students completing the study), and the change scores (for students

completing the study) are offered in Table 2.  The means do indicate that the CMTE might have a more positive effect on performance on the

Content Instrument than does MATH 313 alone.

Table 2.  Means, MATH 313 Study, by Treatment

Group Completed pretest
(n = 57)

  Completed  pre &
post tests (n = 33)

Control
(n = 23)

CMTE
(n = 10)

Pretest 46.1 46.0 45.7 46.8
Posttest 50.4 49.1 53.4
Change 4.4 3.4 6.7

Closing Comments and Speculations

Conclusion.  College students concurrently enrolled in a first mathematics course for prospective elementary school teachers and participating

in an experience in which the focus is on children’s mathematical thinking, especially as encountered in an interview setting, will, on a test of

content for the mathematics of the mathematics course, out-perform other students who do not have such an experience. This latter group of

students includes those who visit elementary school classrooms but have neither an explicit focus on children’s thinking nor an interview

experience.

Practical significance?  For the main study, the statistical results alone disguise the fact that the mean change score for the experimental

group, 14.3, was only 2.1 points higher than the mean change score for the nonexperimental group, 12.2, on an 82-point test.  Although that

difference translates into a change score for the experimental group 17% better than that for the nonexperimental group, IMAP investigators were

expecting a greater difference.  An effect size only on the order of 0.25 (Cohen’s d = 0.2645) was unexpected. By ignoring the very positive

results from the Beliefs Survey, one might even argue that such a small improvement in the content score is not worth the time and effort of a

CMTE.



Authentic teaching/assessment?  Possibly there are no greater practically significant treatment effects on content learning than the study

found. Or possibly the Content Instrument, made up as it was of relatively standard test questions, was not sensitive enough to detect greater

differences.  Consider the latter possibility.

Although the CMTE was somewhat beneficial in terms of content knowledge, it may be that a greater benefit of the CMTE was to help

broaden students’ abilities to navigate the mathematical landscape—Where is the child on this topic?  What should one do next? What might one

do if something unanticipated happens?  How might one follow up a correct solution?  Might a different representation be helpful?  That is, the

CMTE students grew in their knowledge of content in the interface with the child.  (Hypothesized) growth in such areas would be shown in

responses to different questions from most of those in the Content Instrument.

The IMAP situation may also be analogous to the (predicted) different responses by a would-be physician to certain facets of his or her

preparation, as in Table 3.  Physicians have finished or nearly finished their preparation by the time they are performing particular surgeries on

real patients, but unfortunately teachers often have had only their own experiences as children and book exposure to the mathematical topics that

they do teach.

IMAP’s position is that an early interaction with children should make the teacher-in-preparation more attentive and reflective about all the

topics in the college mathematics classes, with the result’s being a more effective teacher of all such topics.  One problem that affects some

students’ performance in the college mathematics class, however, is that they feel that they “already know the material,” because they have

already seen most of the topics during earlier schooling, although often at a level beneath that desirable in a teacher (cf.  Ma, 1999; Skemp, 1978)

and often filtered by a view of school mathematics focused on computational techniques.  Such an attitude would naturally militate against a

greater attention to much of the focus on conceptual understanding in the mathematics class. One such student might regard his or her ability to

calculate 17 x 43, for example, as satisfactory evidence of understanding multiplication, with resistance to questions about what 17 x 43 might

model or about when 17 x 43 might be applicable in a story problem.  A physician-in-training, on the other hand, no doubt recognizes that a

surgical technique requires more than the skills of cutting and sewing or stapling alone and, furthermore, that an appendectomy, for example,

demands more knowledge than removing an ingrown toenail.



Table 3.  A Possible Analogy of Preparation of a Surgeon and a Teacher

Preparation for surgical technique X Preparation for teaching topic X (IMAP)

Classes on anatomy, physiology, surgical
techniques, including X

Mathematics classes that include topic X (as
with the control group in the study)

Watching an average surgeon in action, but
not necessarily with technique X

Watching a traditional teacher in action, but
not necessarily with topic X  (MORE-T)

Watching an expert surgeon in action, but
not necessarily with technique X

Watching a reform teacher in action, but not
necessarily with topic X (MORE-R)

Studying videos of expert surgeons with
technique X, within a class

Studying class videos of expert teachers/
interviewers with topic X (CMTE-V)

Performing technique X on a real patient,
with feedback from an expert

Interviewing a child on topic X (CMTE-L),
with feedback from an expert

Performing technique X in an emergency
room or triage situation

Teaching topic X to a larger group

Unlike the situation with physicians in training, perhaps the college students’ fascination with the children they are interviewing (or the

children in videos of interviews) overrode any thoughts about their own needs for a sound knowledge of the mathematics.  Some students

concurrently enrolled in Math 210 and a CMTE have offered statements that such is NOT the case, as in the following:

A lot of the time in [the Math 210] class, like, people get mad and so frustrated as to why they're learning what they’re learning—and then

you come here [to the CMTE] and you see a kid doing exactly what you’re learning in class.  It just makes sense.  It eliminates that whole

frustration of like, “Why am I learning this? Where am I going to use it?”  So by taking this class, you see how they actually—the children

actually apply what you’re learning. … You’re not wasting your time in Math 210.

Because of such reactions, we do not wish to claim that the CMTE students are losing sight of the mathematics.  Nonetheless, the tremendous

variation in change scores (shown in Figure 3) indicates that among students in the content course, reactions to the mathematics differ vastly.

Change scores for individual students ranged from more than +39 to –3 (i.e., one student performed 3 points worse on the posttest than on the



pretest, and the student was not among the high scorers on the pretest). But perhaps the allure of interviewing a child—something novel and

closer to teaching—blinds the student to the fact that he or she will eventually be teaching some particular content.  Early assessments that

show the need for strong content knowledge during teaching might better pave the way to a greater improvement in content knowledge.

Change Scores for All Students
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2 0
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Figure 3.  The distribution of change scores for the content instrument (for all students who completed the study).

The possibility that the particular items on the Content Instrument were not sensitive enough to reveal actual treatment effects should also be

considered.  Pre- and post-performances for the items on the Content Instrument are included in Appendix C.  Surprisingly, some items showed

virtually no improvement from pretest to posttest, and performance on one item (Jan, in Item 1) actually declined!   We are led to the following

recommendation.



Study the contributions of a mathematics course more carefully.  The content score for the control group students, the ones who had only

the mathematics course and nothing else, grew from 37.6 on the pretest to 50.4 on the posttest, a gain of 12.8 points out of 82.  Is an

improvement from about 46% to about 61% the best that such a course can accomplish?  Again, such a mild improvement may reflect only a

limitation of the particular items and the mode of testing or even the particular course offered, but it may also be the case that such improvement is

typical of such courses.  It is, of course, natural not to have or to find pretest/posttest designs for college courses, so we have no bases for

comparison.  Although the Math 313 data are limited, note that the entering Math 313 students, with an additional two mathematics courses

(geometry/measurement and probability/statistics) beyond the first content course, scored only 46.1.  (Control students beginning the first course

averaged 37.6 and finished the course with a mean of 50.4.) In these studies, the relatively low improvement indicates that perhaps educators

should more closely examine what such courses do accomplish, so that the community can compare results.  A nationwide project in which

pretest and posttest data are collected and the results studied would be valuable.  At a minimum, statewide or regional meetings could address the

issue What do courses for prospective elementary school teachers accomplish in the way of increasing content knowledge?

Post-study result at SDSU.  The all-university committee that oversees the SDSU major in which the prospective teachers are enrolled has

studied IMAP’s impressive results on the Beliefs Survey, along with the less impressive but somewhat promising results on the Content

Instrument.  That committee was grateful to have data on which to base a decision, rather than to be guided by the usual opinion, anecdote, or

face validity as guides for program changes.  Consequently the committee decided, with the strong concurrence of the mathematics department, to

require a Children’s Mathematical Thinking Experience (CMTE) course to accompany the first mathematics course for the prospective elementary

school teachers. In addition, an interview possibility has been set up in the other mathematics courses for prospective teachers.

In an ideal world, the content course and the CMTE would likely be integrated into one course, but the usual SDSU instructors for the first

mathematics course often do not have a sufficiently rich backgrounds in work with children or with practices and curricula in elementary schools

to offer a CMTE.  Instructors for the content courses on other campuses may well have the expertise to incorporate CMTE-like work into their

courses, and we IMAP researchers hope to hear about their assessments of such an integration.
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___________________

Starting time _____________ Ending time ______________   Date ____________

Last name _________________  First name _____________________

MATH 210 class (days, time) _____________________

San Diego State University faculty regard teacher preparation as very important.  Your answers to the
following items will help us to plan the work in the mathematics part of your program of study.

Experienced mathematics teachers are able to understand children's
thinking, whether the thinking is correct, partially correct, or incorrect.
One purpose for this survey is to assess your ability to understand
children's thinking.  In order for us to develop the clearest sense of your
understanding, please answer all of the items.  (A test proctor may check to
see whether you have answered all the items.)  Please work carefully.

This survey was designed to be completed WITHOUT use of calculators.  Show all

your work on the pages of questions.



page 2 _____________________

1.  A teacher gave her class the challenge to find how many ways the number 423.1 could be
thought about. Following are four children’s answers.  For each answer, mark whether it is
correct or incorrect.  If it is incorrect, please explain.

Dale’s answer: 423.1 could be thought about as   42,310 hundredths

a)  Is Dale's answer correct or incorrect?  Correct __         Incorrect __

b)  If Dale’s answer is incorrect, please explain the error.

Pat’s answer:  423.1 could be thought about as   400 ones and 23.1 tenths

a)  Is Pat's answer correct or incorrect?  Correct __         Incorrect __

b)  If Pat’s answer is incorrect, please explain the error.

Lesley’s answer: 423.1 could be thought about as   41 tens, 12 ones, and 11 tenths

a)  Is Lesley's answer correct or incorrect?  Correct __         Incorrect __

b)  If Lesley's answer is incorrect, please explain the error.

Jan’s answer: 423.1 could be thought about as    420 tens and 31 tenths

a)  Is Jan's answer correct or incorrect?  Correct __         Incorrect __

b)  If Jan’s answer is incorrect, please explain the error.



page 3 _____________________

2. Following is an example of a child's work.  You are to study the work and then to judge the
student’s understanding.

Hiro  was asked to divide 4240 by 6.  His work is shown below.

  Hiro's work:          7 6      R4

6 |4240
        42    

 040
       36    

4               

a)  Is Hiro's work correct or incorrect?  Correct __  Incorrect __

b)  If the work is incorrect, please explain how.

3. Following is an example of a child's work.  You are to study the work and then to judge the
student’s understanding.

Rona was asked to subtract 25

8
 from 41

8
.  Her work is shown below.

    Rona's work:      4
1
8   =   3

11
8    

__________–2
5
8  = –2

5
8    

  

  1
6

8

a)  Is Rona's work correct or incorrect?  Correct __ Incorrect __

b)  If the work is incorrect, please explain how.



page 4 _____________________

4.  Following are two students’ solutions to 32 × 54.
a)  For each student, first evaluate the student’s mathematical reasoning.  Check whether the steps

are mathematically correct or flawed, or indicate that you cannot tell.
b)  Next mark each student's work with "doesn't appear to understand multiplication," "may or

may not understand multiplication," or "shows good understanding of multiplication."
_________________________________________________________________________________
Fiesha:  54

   ×         32    
1500
120
100

_       8    
1728

a)  Mathematical steps

__ Fiesha’s steps are
mathematically correct.

__ Fiesha’s steps are
mathematically flawed.

__ I cannot tell if Fiesha’s steps are
mathematically correct or flawed.

b)  Understanding of multiplication

__ Fiesha doesn't appear to
understand multiplication.

__ Fiesha may or may not
understand multiplication.

__ Fiesha shows good understanding of
multiplication.

c) If Fiesha’s steps are mathematically correct, use her way of thinking to solve 24 × 53.  If they are
not, explain how Fiesha’s reasoning is flawed.

_________________________________________________________________________________

Amy:  54 is 4 more than 50, so find 32 × 50 and add 4 back to get 1728.
a)  Mathematical steps

__ Amy’s steps are
mathematically correct.

__ Amy’s steps are
mathematically flawed.

__ I cannot tell if Amy’s steps are
mathematically correct or flawed.

b)  Understanding of multiplication

__ Amy doesn't appear to
understand multiplication.

__ Amy may or may not
understand multiplication.

__ Amy shows good understanding of
multiplication.

c) If Amy’s steps are mathematically correct, use her way of thinking to solve 24 × 53.  If they are
not, explain how Amy’s reasoning is flawed.
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5. Antonio asks, “When I multiply [for example, 49 × 23, shown to the
right], why do I have to put in the 0 [points to the zero in 980]?”

What would you say to Antonio?

49
×    23   
147
    980   

1127

6.  a)  Circle the larger number: 0.4 0.36

b)  Grady thinks that 0.36 is bigger than 0.4 because 36 is bigger than 4.  Comment on Grady’s
reasoning.

c)  Judy says, "Well, hundredths are smaller than tenths.  So 0.36 is smaller than 0.4."
Comment on Judy’s reasoning.
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7. Donny is asked to solve the following problem:  If cheese is $1.89 per pound, how much does
0.67 pound cost?

Circle the expression that correctly represents the problem.

A. 1.89 + 0.67 B. 1.89 – 0.67 C. 0.67 – 1.89

D. 0.67 × 1.89 E. 1.89 ÷ 0.67 F. 0.67 ÷ 1.89

G. None of A–F

8.  Is Ardis’s reasoning correct?  Explain.

Shannon:  "I still have half my spelling words to learn and 3

4
 of my vocabulary words to learn."

Ardis:  “Well, 3
4
  is more than a half because 1

2
  =  2

4
 .  So, you have more vocabulary words than

spelling words still to learn."

9. Write a real-life story problem that could be represented by the expression 1
2
  – 1

3
 .
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10.  Following are three students’ solutions to 9
16

  of 48.

a)  For each student, first evaluate the student’s mathematical reasoning.  Check whether the steps
are mathematically correct or flawed or indicate that you cannot tell.

b)  Next mark each student's work with "doesn't appear to understand," "may or may not
understand," or "shows good understanding of" multiplication of fractions.

_________________________________________________________________________________

Jessica:  9
16

  is 1
16

  more than 1
2
, and half of 48 is 24 and 1

16
  of 48 is 3, so 27.

a) Mathematical steps

__ Jessica’s steps are
mathematically correct.

__ Jessica’s steps are
mathematically flawed.

__ I cannot tell if Jessica’s steps are
mathematically correct or flawed.

b) Understanding of multiplication of fractions

__ Jessica doesn't appear to
understand multiplication of
fractions.

__ Jessica may or may not
understand multiplication of
fractions.

__ Jessica shows good understanding
of multiplication of fractions.

c) If Jessica’s steps are mathematically correct, use her way of thinking to solve 3
8
  × 32. If they are

not, explain how Jessica’s reasoning is flawed.

_________________________________________________________________________________
3

Justin:  9
16

  × 48 = 
9
16//   × 

48//
1   = 

27
1

  = 27

a) Mathematical steps

__ Justin’s steps are
mathematically correct.

__ Justin’s steps are
mathematically flawed.

__ I cannot tell if Justin’s steps are
mathematically correct or flawed.

b) Understanding of multiplication of fractions

__ Justin doesn't appear to
understand multiplication of
fractions.

__ Justin may or may not
understand multiplication of
fractions.

__ Justin shows good understanding of
multiplication of fractions.

_________________________________________________________________________________

Stacy:  9
16

  of 48?  9 × 16 = 144; 144 ÷ 48 = 3; 9 × 3 = 27.  So 9
16

  of 48 is 27.

a) Mathematical steps

__ Stacy’s steps are
mathematically correct.

__ Stacy’s steps are
mathematically flawed.

__ I cannot tell if Stacy’s steps are
mathematically correct or flawed.

b) Understanding of multiplication of fractions

__ Stacy doesn't appear to
understand multiplication of
fractions.

__ Stacy may or may not
understand multiplication of
fractions.

__ Stacy shows good understanding of
multiplication of fractions.
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11.  Betty was asked to give her best estimate for 25% of 7991.8.

She estimates by taking 1
4
  of 8000, which is 2000, and taking 1

4
 of .8, which is .2.

Therefore, her estimate is 2000.2

Comment on Betty’s reasoning.

12.  a)  Give two decimals between 2.3456 and 2.3457.  If it is not possible, explain why not.

b)  Give two fractions between 2
5
  and 3

5
 .  If it is not possible, explain why not.

13.  Finish the following story problem so that your question could be answered by the calculation

18 ÷ 
1
2
 :   "You buy 18 muffins for an after-school faculty meeting . . . .



page 9 _____________________

14. Bill and Tom have pieces of land that are the same size.  Each plants flowers on part of his
land, as shown in the sketches.

The shaded part shows Bill's flowers. The shaded part shows Tom's flowers.

flowers flowers

Who has more land in flowers?

A.  Bill and Tom have the same amount of land in flowers.

B.  Bill has more land in flowers.

C.  Tom has more land in flowers.

D.  One cannot determine who has more land in flowers.

Explain your choice.

15. Pat and Dana like to argue with each other about mathematics problems.  They discuss
the figure below:

Pat: The shaded region is one-and-a-half times as much as the unshaded region.

Dana:   Wait!  I think that the unshaded region is 
2

3
 of the shaded region.

Who is correct?  Why?
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16. For this number line
0 1 2

A B C D E
p q

a)  the point for p + q would be closest to  A?    B?    C?     D?     E?  (circle)

b)  the point for  p × q would be closest to  A?    B?    C?     D?     E?  (circle)

17. Here is Ben's work:

2     3

3/   012 4/  0 17
  –    9          – 1 0 8 
2 0 3 2 0 9

a)  Make up another subtraction problem that would lead Ben to apply his same method.  Then
finish the calculation as Ben would.  Show the work Ben would do.

b) What might you do next on this topic, with this child?  (Suggest specific possible options.)

18. A child says, "My mom says to put = between 3
4
  and 6

8
, but I think 6

8
 is bigger."

a)  How might the child be thinking?

b) What might you do next on this topic, with this child?  (Suggest specific possible options.)
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19.  You ask a child to find the value of 8 – .5.  The child’s answer is 3.

a)  How might the child be thinking?

b) What might you do next on this topic, with this child?  (Suggest specific possible options.)

20. Which of A–E gives the order of the following decimals, from smallest to largest? ____

0.008 0.01     0.06387  0.00589346

A. (smallest)  0.00589346     0.008    0.01 0.06387    (largest)

B. (smallest)  0.008    0.00589346    0.01     0.06387  (largest)

C. (smallest)  0.00589346    0.008    0.06387    0.01  (largest)

D. (smallest)  0.01   0.06387     0.008   0.00589346  (largest)

E. None of A–D.  The order should be 

        ___________________________________________.

21.  A soap factory packs 100 bars of soap in each box for shipment.  If the factory makes 15,287
bars of soap, how many full  boxes will they have for shipment?   __________

22. Which of A–E gives the order of the following numbers, from smallest to largest? ___

       0.156        1
10

           0.5       0.009     
5
8
   

A. (smallest) 0.009  0.156 0.5       1
10

          5
8
      (largest)

B. (smallest) 0.009   1
10

        0.156      0.5      5
8
      (largest)

C. (smallest) 0.009    1
10

             0.156     
5
8
            0.5    (largest)

D. (smallest) 1
10

            
5
8
              0.009    0.156    0.5    (largest)

E. None of A–D.  The order should be  ___________________________________________ .
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23. Without actually doing the calculations, put the decimal points in the answers.  Briefly explain
your thinking.

a)   77.5 × 2.84 = 2 2 0 1    Explanation:

b)   100.26 ÷ 3.6 = 2 7 8 5   Explanation:

24.  234five  + 321five  = ________________ in base five.

25.  Estimate the sum of 12

13
 + 7

8
. _______________

26.  For each of the following numbers, circle the larger or write = if they are equal.

a)
5
7  

5
9 

b) 1
5
4 

c)
3
7 

2
7  

d)
3
6 

1
2 

27.  Here is the approach that Ariana used to solve the problem 635 – 482.
     

635  – 400 = 235
235  – 30 = 205
205  – 50 = 155
155  –          2    = 153

482

Ariana explains, "First I subtracted 400 and got 235. Then I subtracted 30 and got 205, and I
subtracted 50 more and got 155. I needed to subtract 2 more and ended up with 153."

Describe how Ariana would solve this item:  700 – 573.
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28. Below is the work of Terry, a student who solved one addition and one subtraction problem.
     1

A)      2  5 9  B)     3412 9
   +   3 8        -   3 4
   2 9 7     3 9 5

In the addition problem, Terry wrote a 1 higher than the 5.  In the subtraction problem, Terry
wrote a 1 next to and slightly higher than the 2.

a)  Does each 1 in these problems represent the same thing?  Please explain your answer.

b)  Terry knows that when adding in Problem A, he adds 1 to the 5 and when subtracting in
Problem B, he adds 10 to the 2, but he doesn’t know why.  Can you explain the reasons to
Terry?
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Appendix A2:  SCORING OF THE CONTENT INSTRUMENT

For each correct/ incorrect item, we give 1 point for the correct answer and 0 points for an incorrect
answer.  No answer for correct/incorrect is coded as nd (no data).  For all other items, rubrics are listed
below—often with sample answers (unedited); nid for no identifiable data is used occasionally.

ITEM 1  Four ways to express 423.1

(a) Content score  Jan’s work and Pat's work are incorrect. Each part is scored as a correct/incorrect
answer.

Dale: 42.310 hundredths Dale correct = 1, incorrect = 0; C=1
Pat:  400 ones and 23.1 tenths    Pat correct = 0, incorrect = 1; I=1
Les:  41 tens, 12 ones, and 11 tenths Lesley correct = 1, incorrect = 0; C=1
Jan:  420 tens and 31 tenths Jan correct = 0, incorrect = 1; I=1

Explanations are scored only for Pat and Jan

(b) Explanation scores for Pat (0–1 scale)

Explanation score 1  (Uses place value explicitly and correctly in explanation; explanation correct
but seems rule-based; gives correct explanation but adds something incorrect.)
• 23.1 tenths is only 2.31 ones
• There would be 231 tenths.

Explanation score 0 (Thought original work was correct; explanation literally okay but does not
address error; nonsense.)
• It would have to be 423.1 tenths.
• 423 ones and 1 tenth.

(b) Explanation scores for Jan (0–1 scale)

Explanation score 1  (Uses place value explicitly and correctly in explanation; explanation correct
but seems rule-based.)
• 420 tens = 4200, incorrect place value.
• Only 42 tens
• There are not 420 tens in 423; there would be 420 ones.

Explanation score 0 (Thought original work was correct; vague; nonsense.)
• 420 is not the tens place and 31 has a decimal between the 3.1 so it is not the 31

tenth place value.
• There is only one tenth.
• This is too much.
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ITEM 2  Hiro’s division of 4240 by 6, with the answer 76 R4

(a) Content score  (Hiro is incorrect = 1; Hiro is correct = 0)  If 0, then (b) Explanation score = 0.

(b) Explanation score (0–3 scale)

Explanation score 3 (Explanation shows understanding beyond algorithmic; estimates or uses
multiplication to check; explanation uses number sense, even if additional information is not
completely correct.)

• Although he is using the algorithm that is common he really isn’t using common sense b/c lets say
we round up 7 really high to 100 (6 x 100) is nowhere near 4240.

• Calculates 6 x 76
• (algorithm( & He may have realized (the answer was incorrect) if he looked at the number in the

equation and his answer.

Explanation score 2  (Does, or refers to, usual algorithm only.)
• He forgot to put a zero after the 7 when 6 wouldn’t divide into 04.
• He forgot to put a zero after the seven because since 4 could fit in 6, he had to carry down the

zero.
• Brought down 0 with the 4
• He forgot to write down a zero.  The answer should have been 706 R4.

Explanation score 1  (Seems to accept given incorrect answer.)
• He just isn’t placing his values (76 R4) correctly on the problem
• He miss placed the 7 and put it in the wrong place making it a different #.  He know what he is

doing but it just a little confusing.
• Respondent’s only criticism is “not lined up.”

Explanation score 0  (Imitates the incorrect solution or thinks original is correct.)
• Does the division and makes the same mistake
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ITEM 3  Rona incorrectly subtracts 2

€ 

5
8
  from 4

€ 

1
8
.

(a) Content score (incorrect = 1; correct = 0)  If 0, then score for (b) = 0.

(b) Explanation score (0–2 scale)

Explanation score 2  (Recognizes error in thinking and realizes how error could have come about;
links renaming [borrowing, converting,…] in whole numbers to 11/8 error, as opposed to arguing
that child added 8/8 + 1/8 incorrectly.)

• Because the 5/8 is bigger than the 1/8 and you are subtracting it. So you borrow from the 4 and
whole 1 or 8/8. When you add 1/8 + 8/8 = 9/8, not 11/8. Her miss calculation set the problem off
by a whole fourth.

• Her thinking is correct but the 4 1/8 would change to 3 9/8 not 3 11/8 because you would add 8/8
or 1.

• 1 = 8/8, not 10/8
• She knew she had to borrow, but instead of getting 9/8ths she got 3 11/8ths.
• Recognizes via comparing improper fractions that 4 1/8 ≠ 3 11/8 (as opposed to just noting 4 1/8

= 3 9/8.
• Attempt is logical, but 33/8 ≠ 35/8.

Explanation score 1 (Uses different algorithm, or does problem and just compares answer with
Rona's [answer seems to be the focus]; recognizes error in thinking but gives only some indication
of the nature of the error; or not clear that recognizes 10/8 error.)

• 4 1/8 is 3 9/8 because 4 – 1 + 8/8 = 3 1/8 + 8/8 = 3 9/8.
• Because this fraction (referring to 11/8) should have been 9/8.
• 4 1/8 = 3 9/8 not 3 11/8
• She should of converted the problem into improper fractions – PST also does that to get right

answer.

Explanation score 0   (Knows [explicitly or implicitly] that it is wrong but cannot solve correctly;
does not indicate nature of the error; or nonsense.)

• It should look like 3 8/8 – 2 5/8, when she borrowed she did not correctly change the fraction.
• What you must do to one fraction you must do to the other.
• He changed 4 1/8 into 3 11/8 I’m not sure why.
• He borrowed from the 4 to get 11/8 but he didn’t put enough onto the fraction. It’s not like

regular subtraction.
• You can’t have a mixed fraction that is improper.
• You cannot borrow from the whole number to subtract a fraction.
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ITEM 4  Fiesha’s and Amy’s computations for 32 x 54 (not using standard algorithm)

Fiesha
(a, b) Content score  (See below for scoring if one part omitted.)

a) C reasoning correct F reasoning is flawed CT cannot tell
b) N doesn’t appear to

understand
M may or may not
understand

U shows good
understanding

Scoring if Part a or Part b omitted
Fiesha   a.  C only = 1             F,CT only = 0

 b.  U only = 1  F,M only = 0

Scoring for Fiesha
a) b) SCORE
C U 4
C M 3
CT M 2
CT N 1
F N 1
F M 1
C N 0
CT U 0
F U 0

(c) Explanation score (0–3 scale) for Fiesha

Explanation score 3 (All four partial products [1000, 200, 60, 12] & final answer [1272] okay; okay if
order of partial products is different from Fiesha’s order; a minor calculational error such as 4 x 3=11 is
o.k. as long as conceptually wanting to multiply the correct numbers.)

Explanation score 2 (Some but not all four partial products okay, but final answers okay—some
partial products combined.)

Explanation score 1 (Unable to solve as Fiesha did; shows some understanding of algorithm; can
explain where at least one of the numbers came from, such as 50 x 30.)

Explanation score 0 (Explanation shows misunderstanding, or rejects algorithm because it is not the
same sequence as the standard algorithm; or comes up with algorithm that “puts zeros in the number”)
• I do not understand where she got those numbers.
• She is forgetting to use place values and add 0 to the multiplication therefore she is coming up with

a different answer
• “wrong algorithm used”    1000 (5 x 2 and 2 zeros)

  600 (2 x 3 and 2 zeros)
  200 (4 x 5 and 1 zero)
   12 (3 x 4 and no zeros)

1812
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Amy

(a, b) Content score  (See below for scoring if one part omitted.)

        Scoring for Amy
a) b) SCORE
F N 4
F M 3
CT M 2
C N 0
C M 0
CT N 0
C U 0
F U 0
CT U 0

Scoring if Part a or Part b omitted
Amy a.  F only = 1   C, CT only = 0

b.  N only = 1             M,U only = 0

(c) Explanation score (0–3 scale) for Amy

Explanation score 3  (Sees defect in Amy’s method, knows how to correct)
• Amy needs to add 32 x 4, not just 4.
• 32 x 50 is okay, but then need 32 x 4.
• IF CLEAR, INTERPRET “add 4 back” to mean “add 4 32s back,” then rescore a, b as with Fiesha.

Explanation score 2  (Good argument but states that you need 4 grps of 50 instead of 4 grps of 34; asks
4 what? somehow indicates that it is 4 of something that needs to be added back.)

Explanation score 1  (Calculates and recognizes that Amy’s answer is off but does not clearly explain
that it is 34  x 4; states something like “You cannot add in multiplication”; is too general.)

Explanation score 0  (Thinks okay, gets 1200 + 3 = 1203.)
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ITEM 5  Antonio asks, “Why is the 0 in multiplication algorithm?”

No content score!

Explanation score (0–2 scale)

Explanation score 2 (Algorithmic with very good understanding OR simply good understanding; uses
place-value language with good explanation; suggests that one is multiplying 20 times 49 and not 2 times
49;  states and gives good reason that the 98 is really 980.)
• When you got the 980 you were multiplying 20 times 49—however it’s easier to think of 2  x  49

and just add zero to make it 20.
• I would say you have to put the zero in because otherwise the numbers wouldn’t be in the correct

place. When you are multiplying 49 times 2, the 2 is actually 20 so the zero needs to go in for correct
place value.

• The 2 is in the tens place, the 3 is in the ones place. You first multiply 49 x 3; that gets you 147.
Now you do the same for the 2 but since the 2 is in the tens place it’s the same as 49 x 20 that’s
why you bring down the 0.

Explanation score 1  (Uses place-value language or names the places mechanically; does NOT clearly
state that 2 times is really 20 times, OR states 20 but then makes an error.   In this category the 0 is seen
as a place holder for the one’s place;  a reference made to consider the 3 in 23; states that the 98 is really
980, without giving good reason.)
• Because you need something to replace the ones place.
• Because that zero (ref. to a zero that he drew over the 3 in 23) is taking place of the three.
• You put the zero there to show that you are not adding any numbers in the ones place, the zero

allows you to know that even though there are no ones, that place value is still there, acting like there
is so you don’t put numbers in their wrong place values.

• You have to take into consideration the 3 in 23.
• Ok, the reason you put a 0, is because you are moving from ones place (1) to the tens place (10.) the

difference between 1 and 10 is the zero.
• Now we are working the tenths place rather than the ones place therefore you need to move the value

over 1 and add a 0.
• Because the #s we are multiplying are in the 10th place (the #2) and we have to account for that by

adding the zero so we know the 98 is from the 10th place.

Explanation score 0  (Shows no understanding; nonsense answer; solely algorithmic; says only that 0 is
a place holder.)
• Because every time you finish one row of numbers and move to the next you have to put a 0 first

because then the next number can be under that row of numbers.
• Just refers to “place holder,” as in “0 is a place holder.”
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